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Failure of masonry arches under impulse base motion
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SUMMARY

Recent seismic events have caused damage or collapse of invaluable historical buildings, further proving7
the vulnerability of unreinforced masonry (URM) structures to earthquakes. This study aims to understand
failure of masonry arches—typical components of URM historic structures—subjected to horizontal ground9
acceleration impulses. An analytical model is developed to describe the dynamic behaviour of the arch and
is used to predict the combinations of impulse magnitudes and durations which lead to its collapse. The11
model considers impact of the rigid blocks through several cycles of motion, illustrating that failure can
occur at lower ground accelerations than previously believed. The resulting failure domains are of potential13
use for design and assessment purposes. Predictions of the analytical model are compared with results of
numerical modelling by the distinct element method, and the good agreement between results validates15
the analytical model and at the same time confirms the potential of the distinct element framework as a
method of evaluating complex URM structures under dynamic loading. Copyright q 2007 John Wiley &17
Sons, Ltd.
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INTRODUCTION

Unreinforced masonry (URM) structures represent a significant portion of the international built21
inventory, including most of the world’s historical constructions. These structures face several
causes of distress including material degradation, foundation settlements, structural alterations,23
and overloading. However, in seismic zones the major threat to their stability generally comes
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from earthquakes. This has been exemplified by recent seismic events which caused damage or1
collapse of invaluable historical buildings, such as the Basilica of Assisi in Italy and the Citadel of
Bam in Iran. It is thus necessary to better understand the collapse of masonry structures to protect3
human life, cultural resources, and regional economies.

Arches, vaults, and domes are typical components of URM historic structures. Their static5
analysis, as developed by Heyman [1, 2], assumes that (i) masonry has no tensile strength and
infinite compressive strength and (ii) sliding failure does not occur. As a consequence, failure of7
a masonry arch theoretically occurs by formation of a sufficient number of non-dissipative hinges
which transform the arch into a mechanism. Stability under a given load solely depends on the9
geometry of the structure. This approach is essentially a static equilibrium analysis of rigid body
mechanisms.11

After the fundamental work by Housner [3], a great deal of research has been devoted to the
dynamic behaviour of both a single rigid block and an assembly of rigid blocks subjected to ground13
accelerations. These studies were aimed primarily at the preservation of monumental structures
(in particular archaeological remnants), but also at problems such as the design of elevated water15
tanks or modelling the overturning of furniture during earthquakes [4–11].

Surprisingly, the dynamic analysis of masonry arches has been given little attention in existing17
research. Several studies have focused on equivalent static analysis, considering the arch subjected
to constant horizontal acceleration (first order earthquake simulation) and constant vertical accel-19
eration (gravity) [12, 13], an approach which has also been applied to portal arch frames [14, 15].
Equivalent static analysis is essentially a stability analysis, again solely based on geometry and21
independent of scale, which determines the minimum constant ground acceleration required to
collapse the arch. This value coincides with the minimum peak ground acceleration needed to23
transform the arch into a mechanism and hence to initiate its motion. For the arch subjected to
varying ground acceleration, equivalent static analysis can only predict the onset of motion and25
therefore gives a lower bound estimate of the safety of the arch.

Oppenheim [5] was the first to apply a truly dynamic analysis to the masonry arch. Extending27
the previous work by Allen et al. [16], he analysed the dynamic response of an arch considered as
a rigid body four-link mechanism under a base acceleration impulse. The location of the hinges29
(and hence the geometry of the four-link mechanism) was established based on equivalent static
analysis, and the subsequent motion of the arch was determined through rigid body dynamics.31
The impulse magnitude-duration failure domain was determined assuming failure during a single
cycle of response, in order to avoid the problems associated with impact. A scale effect similar33
to that predicted by Housner [3] was detected. Clemente [17] followed up on Oppenheim’s work
by analysing free vibrations and the response to a sinusoidal base acceleration. The analysis35
was extended to several cycles of response, but the dissipation of energy due to impact was not
considered. More recently, DeJong and Ochsendorf [18] compared Oppenheim’s solution with a37
numerical solution obtained with the distinct element method, and found that the former may be
unsafe as the arch may survive the first half cycle of motion but fail during the second.39

Advances in non-linear finite element modelling have made it an increasingly more appropriate
analysis tool for masonry structures, but the more recent application of discrete element modelling41
inherently captures the discontinuous nature of masonry and allows for fully dynamic analysis with
large displacements. Discrete element programs are particularly suitable for masonry structures43
because they allow the definition of individual blocks within the structure. Constitutive properties
of blocks and contacts must be defined. These programs typically solve the equations of motion of45
each individual block in the system using a time-stepping scheme. Contact forces on each block are

Copyright q 2007 John Wiley & Sons, Ltd. Earthquake Engng Struct. Dyn. (in press)
DOI: 10.1002/eqe
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assumed to be proportional to the inter-penetration between blocks, which is determined using the1
input contact stiffness. The out of balance force after each time step is applied to the equations of
motion in the next time step, making the magnitude of the time step critical for accurate modelling.3

A limited amount of research has been conducted on the applicability of the discrete element
method to masonry structures. Winkler et al. [6] applied the discrete element method to simulate5
the response of rigid single blocks and block assemblies subjected to harmonic base motion. The
results given by the numerical model were found to be in good agreement with those obtained7
from laboratory tests and analytical modelling. Similarly, Papantonopoulos [19] demonstrated good
correlation between the solutions yielded by the discrete element method and rigid body dynamics9
for a rocking block subjected to simulated earthquake ground motion. Bićanić et al. [20] applied
finite element and discrete element methods to model an actual masonry arch bridge which was11
subjected to vertical loading until failure. Although the problem involved static loading, the authors
concluded that discontinuous modelling frameworks provide a viable alternative for evaluating the13
structural integrity of masonry, and for predicting the ultimate collapse load and failure mechanism.
DeJong and Ochsendorf [18] used the discrete element method to simulate the behaviour of the15
single rocking block, the masonry arch, and the arch on buttresses. Results were compared with
analytical solutions where available and good agreement was found.17

In this paper an analytical model is proposed, which follows Oppenheim’s [5] approach but
also tackles the impact problem and hence predicts the behaviour of the arch during subsequent19
half cycles of motion. The purpose of the analytical model is twofold. First, it provides a more
accurate investigation of the failure domain of the masonry arch subjected to a horizontal ground21
acceleration impulse. Second, it provides an analytical solution which is compared with numerical
results obtained using the discrete element method. The goal of this comparison is a first-order23
verification of discrete element modelling results which would give confidence in the applicability
of the method for analysing more complex URM structures. In the process, the capabilities and25
shortcomings of the analytical model are observed.

DESCRIPTION OF THE ANALYTICAL MODEL27

Analysis of the arch as a four-link mechanism

The model considers a bare part-circular arch having centreline radius R, thickness t , and angle29
of embrace �. The arch is supported at its ends and subjected to horizontal ground acceleration
ẍg . Masonry is considered rigid, with infinite compressive strength and zero tensile strength, and31
the coefficient of friction of the mortar joints is assumed to be sufficiently high to prevent sliding.

Following Oppenheim’s model [5], the motion of the arch with respect to the ground is considered33
as a mechanism motion (Figure 1), formed by the four-link mechanism ABCDA. Points A, B, C ,
and D correspond to the hinge locations at the onset of motion determined by equivalent static35
analysis, and are only functions of t/R and �. In reality, hinge locations would likely change during
motion and more than four hinges might even exist at any particular time. However, it is assumed37
that hinge locations remain constant, allowing the motion to be approximated by a single-degree-
of-freedom (SDOF) model. This assumption is appropriate because the goal of the analytical model39
is not to exactly describe the behaviour of each voussoir of the arch at all moments in time, but
rather to understand the global behaviour of the arch and to obtain a first-order determination of41
the base motion necessary to cause collapse. The validity of this assumption is discussed later.

Copyright q 2007 John Wiley & Sons, Ltd. Earthquake Engng Struct. Dyn. (in press)
DOI: 10.1002/eqe
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Figure 1. The arch as a four-link mechanism during the first half cycle of motion.

As shown in Figure 1, the mechanism motion is completely described by the rotations of the1
links �AB, �BC, and �CD, measured counterclockwise from the horizontal. Because the planar four-
link mechanism is a SDOF system, one of these rotations (namely �AB = �) is arbitrarily chosen as3
the Lagrange parameter of the system. Figure 1 marks the link rotations in the initial (undisplaced)
configuration of the arch, �0, �0BC , and �0CD . In the displaced configuration �<�0, and the variable5
� = (�0 − �)>0 will be used to denote rotation with respect to the original geometry.

Displacement analysis and velocity analysis are used to describe the link rotations and rotational7
velocities, respectively, in terms of � and �̇, i.e. to obtain functions �BC(�), �CD(�) and �̇BC(�, �̇),
�̇CD(�, �̇). The latter two functions can also be expressed as follows:

9

�̇BC(�, �̇) = d�BC
d�

�̇ = fBC(�)�̇ (1a)

�̇CD(�, �̇) = d�CD
d�

�̇ = fCD(�)�̇ (1b)

For more details, see a standard text on mechanism design and analysis (e.g. [21]).11
The differential equation of motion of the system can be derived using Hamilton’s principle and

Lagrange’s equation (see [5] for the details of derivation), and results are as follows:13

M(�)R�̈ + L(�)R�̇2 + F(�)g= P(�)ẍg (2)

where the coefficients M(�), L(�), F(�), and P(�) are non-linear in � and are described further15
in [5], and g is the acceleration of gravity. Note that Equation (2) does not contain the mass
density, which therefore does not affect the behaviour of the system. Conversely, the presence of17
the average radius R in Equation (2) indicates that a size effect is to be expected.

The initial conditions for Equation (2) are � = �0 and �̇ = 0 at the start of motion. The equation19
of motion (2) is valid only for �<�0. As � returns to �0, the four hinges close and impacts occur.
The time interval between the onset of motion and the instant when � first returns equal to �0 is21
hereafter denoted as time ‘before the impact’ or the ‘first half cycle of motion’. Starting from this
instant a different kinematic mechanism governs, which will be analysed in the next subsection.23

Copyright q 2007 John Wiley & Sons, Ltd. Earthquake Engng Struct. Dyn. (in press)
DOI: 10.1002/eqe
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Once � as a function of time is known by solving Equation (2) with the above initial conditions,1
the motion of the system before the impact is known.

Mechanism motion after impact3

When � returns equal to �0 the four hinges close, impacts occur, and the arch is transformed into
a different four-link mechanism which moves in the opposite direction. The geometry of this new5
mechanism is determined by the location of four new hinges, assumed to form symmetrically
with respect to those of the first half cycle of motion (Figure 2). The assumption of symmetric7
hinges is obviously a simplification of the actual response, again employed to allow the subsequent
motion to be described by a SDOF analytical model. Regardless, since the hinge locations are9
again assumed to remain unchanged after impact, the assumption of symmetric hinge locations
provides an appropriate set of ‘average’ hinge locations for the second half cycle of motion, and11
is not meant to describe the exact hinge locations after impact. While an analytical solution for
the appropriate hinge locations after impact has not been derived, justification for the symmetric13
hinge location assumption will be presented through comparison with numerical modelling results
discussed later.15

As shown in Figure 2, all geometric and kinematic quantities in the phase after impact are
given the superscript ‘prime’, and angles are now measured in the opposite direction. The resulting17
equation of motion is similar in form to Equation (2):

M(�′)R�̈
′ + L(�′)R�̇′2 + F(�′)g= −P(�′)ẍg (3)19

where the significance of the coefficients is the same as before. The initial conditions for equation
(3) are �′ = �′

0 = �0 and �̇
′ = �̇

′
f , where �̇

′
f is the rotational velocity of link A′B ′ immediately after21

impact, which must be computed by solving the impact problem described in the next section.
Once Equation (3) is solved, the motion of the system after impact is known.23

Equation (3) is valid only for �′<�′
0. As �′ returns equal to �′

0 a new impact occurs and the
kinematics of the system change again. Keeping the assumption of the formation of symmetric25
hinges, the arch re-forms the mechanism of Figure 1. The process repeats itself, with the arch
alternating between mechanisms and governing equations of motion after each impact until failure27
occurs or motion ceases.

Figure 2. The arch as a four-link mechanism during the second half cycle of motion.

Copyright q 2007 John Wiley & Sons, Ltd. Earthquake Engng Struct. Dyn. (in press)
DOI: 10.1002/eqe
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Modelling of the impact1

Any time the arch returns to its initial undisplaced configuration, an impact occurs and affects
the subsequent dynamic behaviour of the system. Figure 3 illustrates the arch at the instant when3
it returns to its undisplaced configuration after the first half cycle of motion. Solving the impact
problem consists of determining the initial conditions for the post-impact motion, using the final5
conditions (positions and velocities) of the pre-impact motion. For this purpose, suitable simplifying
assumptions must be introduced.7

It is here assumed that the position of the system does not vary during impact, while its velocities
are subjected to an instantaneous variation due to the action of impulsive forces. Impact occurs at9
the hinge sections, where contact generally involves a finite area which is a priori unknown. In
analogy with Housner’s treatment of impact of the single rocking block [3], the impulsive force11
at each hinge section is assumed to be located on the opposite side of the hinge across the arch
thickness, i.e. at points A, B, C , and D (Figure 3).13

At the location of the internal hinges B and C , the impact generates internal impulsive forces
which balance each other. At the locations of the extreme hinges A and D, external impulsive15
forces FA and FD arise. The problem can be formulated considering five unknowns, namely: the
x- and y-components of FA and FD (FAx ,FAy ,FDx ,FDy), plus the rotational velocity of link A′B ′17

immediately after impact, �̇
′
f . The five equations used to determine these unknowns are:

1. The equation of linear momentum along x for the whole arch:19

FAx�t − FDx�t − k′
x �̇

′
f = −px,i (4a)

2. The equation of linear momentum along y for the whole arch:21

FAy�t + FDy�t − k′
y �̇

′
f =−py,i (4b)

3. The equation of angular momentum about O for the whole arch:23

−FAx�t · y0A + FAy�t · x0A + FDx�t · y0D + FDy�t · x0D − k′
O �̇

′
f = −LO,i (4c)

Figure 3. The arch in the instant of the impact.

Copyright q 2007 John Wiley & Sons, Ltd. Earthquake Engng Struct. Dyn. (in press)
DOI: 10.1002/eqe
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4. The equation of angular momentum about B for the portion of the arch on the left of B:1

FAx�t · (y0B − y0A) − FAy�t · (x0B − x0A) − k′
B
�̇
′
f = −LB, i (4d)

5. The equation of angular momentum about C for the portion of the arch on the right of C :3

−FDx�t · (y0C − y0D) + FDy�t · (x0D − x0C ) − k′
C
�̇
′
f = −LC,i (4e)

where �t is the duration of the impact, the k′− terms are known geometric coefficients, the p−,i5
and L−,i terms are known quantities of linear and angular momentum immediately before impact,
and the x0− and y0− terms are known x- and y-coordinates of points in the initial (undisplaced)7
configuration of the arch, respectively. In writing the equations, self-weights are neglected because
they are small compared to impulsive forces, as is normally assumed for impact problems. By9
solving the system of equations, the angular velocity immediately after impact (�̇

′
f ) is computed.

Coefficient of restitution11

The coefficient of restitution for the impact can be defined with reference to the angular velocity:

cv = �̇
′
f

�̇i
(5)

13

where �̇i is the rotational velocity of link AB immediately before impact, or with reference to the
kinetic energy:15

cT = T f

Ti
(6)

where T f and Ti are the kinetic energies immediately after and immediately before impact,17
respectively. As hinges after impact are assumed to form symmetrically to those before impact,
Ti and T f , are, respectively, proportional to �̇2i and �̇′2

f , with the same proportionality coefficient.19
Hence,

cT = c2v (7)21

It also results that the coefficient of restitution depends only on the geometry of the arch (t/R,
�, and the number of voussoirs) and is independent of scale. As t/R increases or � decreases, the23
coefficient of restitution decreases, i.e. a larger fraction of the arch kinetic energy is dissipated
during the impact.25

Clearly, the impact model employed above does not attempt to account for complex impact
behaviour such as sliding, slide rocking, or bouncing [7–11]. Incorporating these behaviours in27
a SDOF analytical arch model is not logical and is not within the scope or the purpose of this
paper. Regardless, the impact model does provide an effective means of estimating an equivalent29
coefficient of restitution which describes the impact, which is appropriate for this analytical model,
and which is only dependent on the initial geometry. Furthermore, within the same analytical31
framework a coefficient of restitution could be directly prescribed in lieu of solving the impact
problem, if desired.33

Copyright q 2007 John Wiley & Sons, Ltd. Earthquake Engng Struct. Dyn. (in press)
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PREDICTIONS OF THE ANALYTICAL MODEL1

Time history analysis

The model is here applied to the arch considered in the paper by Oppenheim [5], whose geometry3
is defined by t/R = 0.15, �= 157.5◦, R = 10m and which consists of seven voussoirs (also called
‘Oppenheim’s arch’ hereafter), subjected to the same forcing function ẍg as in Oppenheim’s study.5
This is an idealized function consisting of a pulse of constant ground acceleration with duration tp
and magnitude a, followed by a pulse in the opposite direction with half of the initial magnitude7
(a/2) and with twice the duration (2tp), producing zero terminal ground velocity.

The acceleration required to transform the arch into a mechanism and hence to initiate its motion9
can be obtained through equivalent static analysis, and for the given values of t/R and � is equal to
−0.37g. The negative sign is due to the assumed direction for the mechanism during the first half11
cycle (base motion to the left which yields clockwise arch rotation, Figure 1) combined with the
sign convention assumed for x (and hence ẍg). The arch motion as a function of time is determined13
by solving Equations (2) and (3) repeatedly until failure occurs or motion stops. The impact model
is solved every time � (or �′) returns to zero, and failure is identified by an ever-increasing �15
(or �′) during any given half cycle.

Figure 4 shows results for impulses of magnitude a = 1.0g and three different durations. The17
impulse excitations are shown in Figure 4(a), whereas Figure 4(b)–(d) illustrates the arch response
for tp equal to 0.44, 0.27, and 0.20 s, respectively. For tp = 0.44 s, the arch fails during the first19
half cycle of motion and no impact occurs. For tp = 0.27 s, the arch recovers from the initial half
cycle of motion and impact occurs at a time of ∼ 0.86 s (at which time the external excitation21
has ceased already), and failure occurs during the second half cycle of motion as �′ increases
continuously. For tp = 0.20s, the arch initially recovers and impact occurs at ∼ 0.6s (at which time23
the external excitation has just ceased), and then recovers from the second half cycle of motion
causing a second impact. Although it is not shown, the motion continues with the arch alternating25
between the two kinematic mechanisms of Figures 1 and 2. Successive half cycles have decreasing
amplitude and decreasing duration, until the total kinetic energy is dissipated and the arch returns27
to rest. This behaviour is in agreement with Housner’s findings on the single rocking block [3] as
well as observed experimental results for the arch by the authors.29

Failure domain

The analysis above was repeated systematically to find the combinations of impulse magnitude31
and duration leading to arch failure during the first and second half cycles of motion. Results for
the sample arch under investigation are reported in Figure 5.33

The boundary corresponding to failure during the first half cycle is the same as was determined by
Oppenheim [5]. The boundary corresponding to failure during the second half cycle is significantly35
lower, which indicates that design or assessment of the arch based on single half cycle failure
is unsafe. As the impulse duration increases, the magnitudes required to lead the arch to failure37
during both the first and second half cycles decrease, asymptotically approaching the magnitude
required to initiate motion.39

The region below 0.37g corresponds to impulses which cause no hinges to form; the arch acts as
a rigid body and follows the motion of the ground. The region below the lowest curve corresponds41
to conditions of recovery after the second half cycle of motion; the arch is transformed into a
mechanism but survives the first two half cycles of motion. For the shape of impulse considered43

Copyright q 2007 John Wiley & Sons, Ltd. Earthquake Engng Struct. Dyn. (in press)
DOI: 10.1002/eqe
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Figure 4. Applied impulses (a) and time histories of mechanism motion for a = 1.0g and
tp = 0.44 (b), 0.27 (c), and 0.20 s (d).

here, no collapse occurs during cycles of motion subsequent to the second one, so the arch survives1
indefinitely. The region between the two curves corresponds to conditions of recovery after the
first half cycle but failure during the second half cycle. Finally, excitations in the region above the3
highest curve lead the arch directly to failure during the first half cycle. The curve to be considered
the governing failure domain of the arch is obviously the lowest one, i.e. that corresponding to5
failure during the second half cycle.

Scale effect7

As previously mentioned, the presence of the average arch radius R in the differential equation
of motion implies the existence of a scale effect, i.e. arches with the same proportions (t/R ratio9
and angle of embrace) but different size have different dynamic behaviour and resistance. Figure 6
illustrates the excitation magnitude-duration failure domains for arches of different scales but with11
t/R = 0.15 and � = 157.5◦. The R = 10 m arch was analysed in the previous sections.

Figure 6(a) and (b) refers to the domains for failure during the first and the second half13
cycles of motion, respectively. Both failure domain curves translate upwards as the average radius

Copyright q 2007 John Wiley & Sons, Ltd. Earthquake Engng Struct. Dyn. (in press)
DOI: 10.1002/eqe



UNCORRECTED P
ROOF

10

EQE 719

L. DE LORENZIS, M. DEJONG AND J. OCHSENDORF

0

0.2

0.4

0.6

0.8

1

1.2

0 0.2 0.4 0.6 0.8 1 1.2 1.4
Impulse duration tp [s]

Im
pu

ls
e 

m
ag

ni
tu

de
 a

 [*
g]

no hinging

recovery

failure during 
2nd half cycle

failure during
1st half cycle

Figure 5. Failure domains of Oppenheim’s arch in response to a step impulse function of duration, tp,
and magnitude, a, according to the analytical model.
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Figure 6. Effect of arch size on the failure domains for the first (a) and second (b) half cycles of motion.
UDEC 2=UDEC with reduced damping parameters ( fmin = 0.05 Hz and �min = 0.001%).

increases, i.e. larger arches are more resistant than smaller ones of the same geometric proportions.1
Furthermore, the failure domain curves are approximately scalable with the square root of the radius.
For example, if one of the curves is taken as reference and the impulse magnitude corresponding to3
a given tp is multiplied by the square root of the ratio of any desired radius R to the reference radius,
the other failure domain curves are obtained. Thus, it is necessary only to compute rigorously the5
failure domain for an arbitrary reference radius. This confirms both qualitatively and quantitatively
the findings of Housner [3].7

Effect of arch geometry

Figure 7 illustrates the effect of the arch geometry, in terms of t/R and �, on the excitation9
magnitude-duration failure domain (corresponding to failure during the second half cycle). As
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Figure 7. Effect of arch geometry on the failure domain (second half cycle, R = 10 m).

expected, increasing the t/R ratio and decreasing the angle of embrace yields an increase in the1
minimum acceleration needed to initiate motion, and a shift upwards of the entire failure domain,
i.e. a greater resistance of the arch to impulse excitation. It also yields a transition in the location3
of the hinges from asymmetric to symmetric about the y-axis, which does not appreciably affect
the shape of the domains but explains their unequal spacing.5

The effect of a greater number of voussoirs on the magnitude-duration failure domain was
also investigated, and was found to effectively increase the resolution of the possible initial hinge7
locations which are found using equivalent static analysis. While this does change the four-link
mechanism, it has a relatively small effect on the failure domains compared to a change in t/R9
and �. However, it would reduce the unequal spacing of the failure domains seen in Figure 7.

Line of thrust during motion11

At any instant either before or after the impact, the support reactions and the internal compressive
forces, i.e. the line of thrust [1], of the arch can be calculated by considering the inertia forces and13
moments acting on the individual links in addition to their self-weight. The line of thrust must be
determined based on the deformed configuration of the arch, due to the significant effect of the15
displacements on the internal forces and moments.

Drawing the line of thrust can give useful information regarding the instantaneous equilibrium17
conditions of the arch. In particular, the hinge location assumptions of the analytical model can
be checked. As mentioned previously, the hinge locations during motion before the impact were19
assumed to be equal to those at the onset of motion determined through equivalent static analysis.
After the impact, new hinges were assumed to form symmetrically with respect to those before21
the impact. At any given instant, a line of thrust exiting the thickness of the arch would signify the
formation of a hinge at that location, suggesting that the actual hinge locations would be different23
than those assumed.

Figure 8 shows the line of thrust for Oppenheim’s arch subjected to an impulse of magnitude25
1.0g and duration 0.20s. The arch response for this case was given in Figure 4(d), where the points
corresponding to the snapshots of Figure 8 are also marked. The line of thrust evidently exits the27
thickness of the arch in the first chosen instant of 0.20 s (Figure 8(a)), at which time the first pulse
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(a) (b) (c)

(f)(e)(d)

Figure 8. Arch hinge locations and thrust lines found using the analytical model for
a step impulse of magnitude 1.0g and duration 0.20 s at times: (a) 0.20 s; (b) 0.50 s;

(c) 0.80 s; (d) 1.10 s; (e) 1.50 s; and (f) 2.22 s.

is still acting and the arch is undergoing the first half cycle of motion. Although it is not shown,1
this shape of the line of thrust is representative of the entire time interval during action of the first
pulse. In the subsequent instants either during the return pulse (0.50 s, first half cycle of motion,3
Figure 8(b)) or after the excitation has ceased (second half cycle of motion, Figure 8(c)–(f)), the
line of thrust exits the arch thickness at limited locations and by a limited distance, indicating that5
the assumed hinge locations were quite reasonable.

In principle, the line of thrust could be used to update the location of the hinges during the7
analysis, by placing the new hinges where the line of thrust has the maximum distance from the
axis of the arch. In the case reported in Figure 8(a), the second hinge from left would then be9
relocated between the second and third voussoirs. The analysis would need to be repeated and the
updated line of thrust would possibly suggest a second-iteration location of the hinges. In order11
to keep the model as simple as possible, this approach was not followed and the hinge location
was kept as assumed initially. However, the line of thrust was compared with results of numerical13
modelling, as will be reported later.

Minimum coefficient of friction to avoid sliding15

The computed line of thrust is also valuable for comparing the angle of the line of thrust with
respect to the tangential direction of the circular arch centreline. The minimum coefficient of17
friction required to prevent sliding can then be determined throughout the entire span of the arch
at any time throughout motion. For Oppenheim’s arch subjected to the impulses in Figure 4(a),19
the maximum required coefficient of friction always occurs at the right springing (hinge D) at
the onset of the impulse (t = 0+), and hence does not depend on the duration of the impulse, but21
only on the magnitude. For an impulse magnitude of 1.0g, sliding is prevented if the coefficient
of friction is ∼ 0.56, which is less than the typical coefficients of friction for masonry. It should23
be noted that the thrust line at time t = 0+ is not admissible because it exits the thickness of the
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arch (similar to Figure 8(a)), indicating that hinges actually initially form in different locations.1
If hinge locations were updated, the minimum coefficient of friction necessary to prevent sliding
would be even lower than the one computed above, and hence even closer to the one computed3
with equivalent static analysis (0.50 for Oppenheim’s arch). Regardless, sliding does not occur for
the given arch geometry, and the thrust line is shown to be a valuable tool for the necessary check5
of governing sliding failure.

COMPARISON WITH NUMERICAL RESULTS7

Introduction

Analytical results were complemented by a numerical investigation with the discrete element9
method using the commercial program UDEC [22]. The discrete element method is used to analyse
discontinuous materials such as rocks and masonry assemblages. It allows finite displacements and11
rotations of discrete bodies, including complete detachment, and recognizes new contacts during
progression of the analysis. UDEC uses deformable contacts and an explicit, time-domain solution13
of the governing equations of motion [22, 23].

The masonry arch was considered as an assemblage of rigid blocks with frictional joints. The15
joint properties required for analysis are the elastic shear and normal stiffnesses, cohesion and
friction angle, tensile strength, and dilatancy angle. For consistency with the assumptions of the17
analytical model, the tensile strength and the cohesion of the joints as well as the dilatancy angle
were all taken as zero. The elastic normal and shear stiffnesses were set as 1012 GPa/m. The effect19
of varying the joint stiffnesses was investigated and did not significantly influence failure domain
results within a range of 5× 1011 and 5× 1012GPa/m. Lower stiffness values (<5× 1011GPa/m)21
result in contact overlap errors, and higher stiffness values result in excessively small time steps
for the solution to remain stable. The friction angle was initially assumed to be very large to23
ensure that no sliding would occur. Subsequently, the effect of more realistic friction angles was
investigated, and is discussed later.25

The density of masonry, which was shown not to affect the analytical solution but does affect the
numerical solution, was assumed to be 2000 kg/m3. Finally, numerical dynamic analysis requires27
definition of the damping ratio. Rayleigh damping (� = 6.28× 10−5, � = 1.59× 10−4) was used
which results in a minimum damping ratio (�min) of 0.01% occurring at a frequency ( fmin) of29
0.1 Hz. This limited the damping ratio to less than 0.5% in the frequency range from 0.001 to
10 Hz. The effect of damping is significant and is discussed later.31

Motion of the arch

Figure 9 shows the deformed configuration and the hinge locations of Oppenheim’s arch subjected33
to an impulse of magnitude 1.0g and duration 0.20 s. The response history for this case is given
in Figure 4(d), where the points corresponding to the snapshots of Figure 9 are marked.35

In general, the arch motion given by the numerical model agrees with the basic rocking and
hinging behaviour predicted by the analytical model. By comparing Figures 8 and 9, the assumptions37
of the analytical model on the hinge locations can be checked against numerical results. In the
first half cycle of motion during action of the first pulse (Figures 8(a) and 9(a)), the location of39
the second hinge given by the numerical model differs from that given by the analytical model. It
is interesting to note that the line of thrust drawn in Figure 8(a) predicts the location of the second41
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(a) (b) (c)

(f)(e)(d)

Figure 9. Arch hinge locations and block velocity vectors found using UDEC for a step
impulse of magnitude 1.0g and duration 0.20s at times: (a) 0.20s; (b) 0.50s; (c) 0.80s;

(d) 1.10 s; (e) 1.30 s; and (f) 1.80 s.

hinge as given by the numerical model. On the other hand, in the first half cycle of motion but1
during the return pulse (Figures 8(b) and 9(b)), the hinge locations from the two models are the
same. After impact, one of the hinges given by the numerical model initially forms at a different3
location than predicted by the analytical model (0.80 s, Figures 8(c) and 9(c)), then all locations
become identical (1.10 s, Figures 8(d) and 9(d)), and finally one hinge in the numerical model5
changes location again (Figures 8(e) and 9(e)). This demonstrates that while the hinge locations
change several times in the numerical model, the hinge locations assumed in the analytical model7
appear to be appropriate ‘average’ estimates of the actual hinge locations.

Time history and failure domain9

In Figure 4(b)–(d), the response history of the arch as given by the numerical model is compared
with analytical predictions. The numerical results plotted in Figure 4(b) are for a three-voussoir11
arch with the same hinge locations assumed for the analytical model. This was done to verify
the accuracy of the analytical and numerical solutions for an identical geometry, and the results13
show excellent agreement. In Figure 4(c) and (d), the numerical results for the seven-voussoir arch
shown in Figure 9 are plotted, and the agreement between the two curves is reasonably good,15
especially during the pre-impact phase.

The discrepancy between analytical and numerical results comes from two primary sources.17
First, the hinge locations are not always the same in the two models due to the fact that hinge
locations change several times during motion in the numerical model. As a result, the location of19
the first hinge changes in the numerical model, and affects the angle � and hence the curve giving
� as a function of time. Therefore, the curves in Figure 4(c) and (d) do not actually provide a direct21
comparison between the analytical and numerical model, but rather an approximate comparison.
Second, treatment of the impact conditions by the analytical and numerical models is based on23
different assumptions, and hence the relative predictions show a more significant discrepancy after
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impact. The analytical model assumes a single point impact and is based on pure rigid body1
mechanics, whereas numerical modelling results in several impacts, which occur over a finite
contact area having a finite (albeit large) stiffness. Additionally, the energy dissipated during each3
of these impacts is governed by the specified Rayleigh damping, which is frequency dependent.
The stiffness proportional coefficient of Rayleigh damping (�) causes critical damping of high-5
frequency vibrations (>2000 Hz for the damping specified) which are produced by each impact,
causing significant dissipation of energy.7

For practical purposes, the most significant predictions are those concerning failure of the arch.
Figure 6 compares the excitation magnitude-duration failure domains during the first and second9
half cycles for Oppenheim’s arch, and for arches of different scales, as given by the analytical
and numerical models. The agreement is excellent for the first half cycle failure domains, where11
a three-voussoir arch is again used for numerical modelling and no impacts occur. The agreement
between the failure domains during the second half cycle is also quite good considering the13
simplifications and assumptions which have been made. Moreover, predictions of the analytical
model are generally conservative, which results primarily from the fact that the hinge locations15
may change several times within a single half cycle of motion in the numerical model. As stated
earlier, this produces several impacts and hence a greater dissipation of kinetic energy, which in17
turn explains the smaller rotations (Figure 4) and the greater stability (Figure 6) predicted by the
numerical model.19

Effect of damping ratio

As mentioned earlier, the damping specified causes significant damping of high-frequency vibra-21
tions which result from impacts. However, since the low-frequency damping specified was minimal,
very little damping occurs due to the relatively low-frequency rocking motion of the arch. This is23
exemplified in the results shown in Figures 4(b) and 6(a), where no impacts occurred in both the
analytical and numerical models, and the results are almost identical.25

In an attempt to evaluate the effect of the damping ratio on the failure domain of the arch
as predicted by the numerical model, the domains in Figure 6(b) were recalculated for reduced27
Rayleigh damping (� = 6.28× 10−5, �= 1.59× 10−4) resulting in a minimum damping ratio (�min)
of 0.001% occurring at a frequency ( fmin) of 0.05 Hz. This limited the damping ratio to less than29
0.5% in the frequency range from 5× 10−5 to 50 Hz. Additionally, it raised the critically damped
frequency range from >2000 to >10 000 Hz.31

Figure 6 displays the results labelled as ‘UDEC 2’. The curves with reduced damping are slightly
closer to the analytical failure domains than those with the initial damping parameters. However,33
the displaced configuration of the arch is no longer characterized by a pure hinging mechanism,
as in the previous cases, but also by relative inter-stone displacements similar to those that would35
be induced by sliding (Figure 10). Note that sliding due to insufficient frictional resistance cannot
occur as the friction coefficient assumed in the analysis is unrealistically high.37

It is known [24] that high-frequency excitations can cause small inter-stone vibrations that
result in irreversible relative displacements of the stones. These relative displacements, which39
are caused by very brief separation between the stones in masonry structures during vibration,
can cause permanent deformation and even collapse. The arch behaviour illustrated in Figure 1041
is due to this effect. High-frequency vibrations, which are no longer critically damped due to
the reduced damping, cause relative displacements which did not occur with greater damping.43
In real structures, such high-frequency vibrations are likely to be damped out if there is not
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Figure 10. UDEC snapshot of Oppenheim’s arch subjected to an impulse of magnitude a = 1.0g and
duration tp = 0.22 s at time 1.29 s, with reduced Rayleigh damping ( fmin = 0.05 Hz and �min = 0.001%).

a significant high-frequency component in the ground acceleration time history, and hence the1
previous behaviour was assumed to be unlikely for the assumed impulse excitation. However, for
time histories with considerable high-frequency energy, these vibration displacements might be3
critical. Regardless, the failure domain was not significantly affected for the impulse which was
applied.5

Effect of friction

The friction angle was initially given a very high value to ensure that no sliding would occur.7
Subsequently, Oppenheim’s arch was subjected to impulses with magnitude-duration combinations
corresponding to the failure domains, and the coefficient of friction was gradually lowered to9
identify the threshold below which sliding occurs. Results were in excellent agreement with
predictions of the analytical model. For example, for an impulse magnitude of 1.0g, the threshold11
was equal to 0.55, as opposed to the value of 0.56 given by the analytical model. For an impulse
magnitude of 0.5g, the threshold was equal to 0.51 versus the value of 0.509 given by the analytical13
model. Again, this check on friction is imperative to ensure that sliding does not govern failure.

Effect of impulse shape15

All results presented thus far have been in response to a step impulse of the form shown in
Figure 4(a). However, the same modelling framework can be used to determine the effect of other17
ground motions as well. For example, single cycle sinusoidal acceleration impulses of period,
T , and acceleration magnitude, a, were applied to Oppenheim’s arch, resulting in the analytical19
and numerical failure domains shown in Figure 11. The numerical first half cycle failure domain
curve was again found assuming a three-voussoir arch with the same hinge locations used in21
the analytical model. Analytical and numerical results are almost identical, again verifying that
the analytical model was derived correctly. Of more applicable importance, the governing second23
half cycle failure domain curves also compare quite well, with the analytical model again being
slightly conservative. The effect of more complex base motion time histories (e.g. earthquake25
ground motions) are currently being investigated, but are beyond the scope of this paper. However,
at this point it seems likely that numerical modelling will be the more appropriate tool for such27
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Figure 11. Failure domains of Oppenheim’s arch in response to a single cycle sinusoidal
impulse function of period, T , and magnitude, a.

analyses as constant hinge location assumptions are likely to break down with longer, more chaotic1
ground motions.

CONCLUSIONS3

In this paper, the behaviour and failure domain of the masonry arch subjected to a ground
acceleration impulse have been investigated. Results of analytical and numerical modelling5
indicate that a SDOF analytical model describes the arch motion quite well and can be used
to provide conservative failure domains for design or assessment purposes. Specifically, the fol-7
lowing main conclusions are drawn from the combined analytical and numerical approach:

(1) For the assumed shape of impulse, the lowest magnitude-duration failure domain corre-9
sponds to failure after impact during the second half cycle of motion. Therefore, this is the
governing domain that should be used for design and assessment purposes.11

(2) For given geometrical proportions, larger arches are more resistant than smaller ones, by a
ratio approximately equal to the square root of the ratio of the arch radii.13

(3) For a given size, the resistance of the arch increases as t/R increases or � decreases. The
resistance to failure during the second half cycle increases more significantly than resistance15
to failure during the first half cycle, as the former is also influenced by the energy dissipated
during impact.17

(4) The minimum coefficient of friction theoretically required to prevent sliding is below the
typical values of masonry joints, and hence the assumption of no sliding is reasonable.19

(5) Results of numerical modelling of arches subjected to impulse base motion using the distinct
element method are in good agreement with analytical results, both in terms of behaviour and21
failure domain of the arch. This increases the level of confidence in the numerical modelling
method, which has potential for the dynamic modelling of more elaborate masonry structures23
under more complex ground motions.
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(the “Contribution”) written by .............................................................................................................................................................................................................................

(the “Contributor”) for publication in.....................................................................................................................................................................................................................

(the “Journal) published by John Wiley  & Sons Ltd (“Wiley”).

In order to expedite the publishing process and enable Wiley to disseminate your work to the fullest extent, we need to have this Copyright Transfer Agreement signed and

returned to us with the submission of your manuscript.  If the Contribution is not accepted for publication this Agreement shall be null and void.

A. COPYRIGHT

1. The Contributor assigns to Wiley, during the full term of copyright and any extensions or renewals of that term, all copyright in and to the Contribution, including but

not limited to the right to publish, republish, transmit, sell, distribute and otherwise use the Contribution and the material contained therein in electronic and print

editions of the Journal and in derivative works throughout the world, in all languages and in all media of expression now known or later developed, and to license or

permit others to do so.

2. Reproduction, posting, transmission or other distribution or use of the Contribution or any material contained therein, in any medium as permitted hereunder, requires

a citation to the Journal and an appropriate credit to Wiley as Publisher, suitable in form and content as follows:  (Title of Article, Author, Journal Title and

Volume/Issue Copyright © [year] John Wiley & Sons Ltd or copyright owner as specified in the Journal.)

B. RETAINED RIGHTS

Notwithstanding the above, the Contributor or, if applicable, the Contributor’s Employer, retains all proprietary rights other than copyright, such as patent rights, in

any process, procedure or article of manufacture described in the Contribution, and the right to make oral presentations of material from the Contribution.

C. OTHER RIGHTS OF CONTRIBUTOR

Wiley grants back to the Contributor the following:

1. The right to share with colleagues print or electronic “preprints” of the unpublished Contribution, in form and content as accepted by Wiley for publication in the

Journal.  Such preprints may be posted as electronic files on the Contributor’s own website for personal or professional use, or on the Contributor’s internal university

or corporate networks/intranet, or secure external website at the Contributor’s institution, but not for commercial sale or for any systematic external distribution by a

third party (eg: a listserver or database connected to a public access server).  Prior to publication, the Contributor must include the following notice on the preprint:

“This is a preprint of an article accepted for publication in [Journal title] Copyright © (year) (copyright owner as specified in the Journal)”.  After publication of the

Contribution by Wiley, the preprint notice should be amended to read as follows:  “This is a preprint of an article published in [include the complete citation

information for the final version of the Contribution as published in the print edition of the Journal]” and should provide an electronic link to the Journal’s WWW site,

located at the following Wiley URL:  http://www.interscience.wiley.com/.  The Contributor agrees not to update the preprint or replace it with the published version

of the Contribution.

2. The right, without charge, to photocopy or to transmit on-line or to download, print out and distribute to a colleague a copy of the published Contribution in whole or

in part, for the Contributor’s personal or professional use, for the advancement of scholarly or scientific research or study, or for corporate informational purposes in

accordance with paragraph D2 below.

3. The right to republish, without charge, in print format, all or part of the material from the published Contribution in a book written or edited by the Contributor.

4. The right to use selected figures and tables, and selected text (up to 250 words) from the Contribution, for the Contributor’s own teaching purposes, or for

incorporation within another work by the Contributor that is made part of an edited work published (in print or electronic format) by a third party, or for presentation

in electronic format on an internal computer network or external website of the Contributor or the Contributor’s employer.  The abstract shall not be included as part

of such selected text.

5. The right to include the Contribution in a compilation for classroom use (course packs) to be distributed to students at the Contributor’s institution free of charge or to

be stored in electronic format in datarooms for access by students at the Contributor’s institution as part of their course work (sometimes called “electronic reserve

rooms”) and for in-house training programmes at the Contributor’s employer.

D. CONTRIBUTIONS OWNED BY EMPLOYER

1. If the Contribution was written by the Contributor in the course of the Contributor’s employment (as a “work-made-for-hire” in the course of employment), the

Contribution is owned by the company/employer which must sign this Agreement (in addition to the Contributor’s signature), in the space provided below.  In such

case, the company/employer hereby assigns to Wiley, during the full term of copyright, all copyright in and to the Contribution for the full term of copyright

throughout the world as specified in paragraph A above.

2. In addition to the rights specified as retained in paragraph B above and the rights granted back to the Contributor pursuant to paragraph C above, Wiley hereby grants

back, without charge, to such company/employer, its subsidiaries and divisions, the right to make copies of and distribute the published Contribution internally in print

format or electronically on the Company’s internal network.  Upon payment of the Publisher’s reprint fee, the institution may distribute (but not re-sell) print copies of

the published Contribution externally.  Although copies so made shall not be available for individual re-sale, they may be included by the company/employer as part of

an information package included with software or other products offered for sale or license.  Posting of the published Contribution by the institution on a public access

website may only be done with Wiley’s written permission, and payment of any applicable fee(s).



E. GOVERNMENT CONTRACTS

In the case of a Contribution prepared under US Government contract or grant, the US Government may reproduce, without charge, all or portions of the Contribution

and may authorise others to do so, for official US Government purposes only, if the US Government contract or grant so requires.  (Government Employees:  see note

at end.)

F. COPYRIGHT NOTICE

The Contributor and the company/employer agree that any and all copies of the Contribution or any part thereof distributed or posted by them in print or electronic

format as permitted herein will include the notice of copyright as stipulated in the Journal and a full citation to the Journal as published by Wiley.

G. CONTRIBUTOR ’S REPRESENTATIONS

The Contributor represents that the Contribution is the Contributor’s original work.  If the Contribution was prepared jointly, the Contributor agrees to inform the co-

Contributors of the terms of this Agreement and to obtain their signature(s) to this Agreement or their written permission to sign on their behalf.  The Contribution is

submitted only to this Journal and has not been published before, except for “preprints” as permitted above.  (If excerpts from copyrighted works owned by third

parties are included, the Contributor will obtain written permission from the copyright owners for all uses as set forth in Wiley’s permissions form or in the Journal’s

Instructions for Contributors, and show credit to the sources in the Contribution.)  The Contributor also warrants that the Contribution contains no libelous or unlawful

statements, does not infringe on the right or privacy of others, or contain material or instructions that might cause harm or injury.
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US Government work

Note to US Government Employees

A Contribution prepared by a US federal government employee as part of the employee’s official duties, or which is an official US Government publication is called a “US

Government work”, and is in the public domain in the United States.  In such case, the employee may cross out paragraph A1 but must sign and return this Agreement.  If the

Contribution was not prepared as part of the employee’s duties or is not an official US Government publication, it is not a US Government work.

UK Government work (Crown Copyright)

Note to UK Government Employees

The rights in a Contribution by an employee of a UK Government department, agency or other Crown body as part of his/her official duties, or which is an official government

publication, belong to the Crown.  In such case, the Publisher will forward the relevant form to the Employee for signature.
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