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Abstract 
In this study, dynamic response of a simply supported beam in cracked and undamaged 
states under excitation of a moving load are investigated. By finding the natural 
frequencies and mode shapes of the beam, modal expansion theory is applied to 
determine the deflection. The original contribution of this study is in normalizing the 
response of the undamaged beam in such a way that deflection would be independent of 
beam parameters such as material and geometrical properties. In the case of singly 
cracked beam, crack is modeled as a rotational spring which connects the two segments 
of the beam. After normalizing the deflection, it becomes evident that the beam 
deflection is significantly affected by crack size and location. Hence, this study 
concludes in usefulness of the method for damage detection of beams. Also, the study 
extends to find the needed number of mode shapes in the modal expansion theory to 
determine the dynamic response of the singly cracked beam. 
Keywords: mode shapes, eigen-value, damage detection, cracked beam, moving load, 
dynamic response, modal expansion 
1. Introduction 
Appearing of crack is the first stage of fatigue failure that in many cases is the major 
source (cause) of catastrophic failure of structures. For this reason, there has been 
growing interest in studying the dynamic behavior of cracked components and 
structures through vibration analysis. Presence of crack in a structure changes its local 
flexibility and hence causes change in its dynamic response. Behavior of railway tracks 
and bridges is modeled as a beam subjected to a moving load by many researchers such 
as Cheng et al (2001), Garinei & Risitano(2008), Wang et al (2003), Vostroukhov &  
Metrikine (2003), Sieffert et al (2006),etc. So, response of cracked structures subject to 
excitation of moving load could be recognized as an interesting issue in the literatures. 
The dynamic response of a beam with a single-sided crack under a moving load was 
investigated by Lee and Ng (1994). Parhi and Behera (2001) studied the response of the 
cracked cantilever beam subjected to a moving mass.  Mahmoud  (2001) studied the 
effect of a crack on the response of a simply supported beam which was excited by a 
moving load. Mahmoud  and Abu Zeid (2002) studied dynamic response of a beam with 
a crack subject to a moving mass. Lin and Chang (2006) obtained dynamic response of 
a cracked cantilever beam due to a moving load. 
In this study, dynamic response of a simply supported beam in cracked and undamaged 
states under excitation of a moving load are investigated. By finding the natural 
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frequencies and mode shapes of the beam, modal expansion theory is applied to 
determine the deflection. The original contribution of this study is in normalizing the 
response of the undamaged beam in such a way that deflection would be independent of 
beam parameters such as material and geometrical properties. In the case of singly 
cracked beam, crack is modeled as a rotational spring which connects the two segments 
of the beam. After normalizing the deflection, it becomes evident that the beam 
deflection is significantly affected by crack size and location. Hence, this study 
concludes in usefulness of the method for damage detection of beams. Also, the study 
extends to find the needed number of mode shapes in the modal expansion theory to 
determine the dynamic response of the singly cracked beam. 
2. Theoretical model 
A simply supported cracked beam as shown in Fig.1 has a length , longitudinally 

uniform rectangular cross section of height  and width  with a crack of depth  

located at  is under the excitation of a concentrated moving load with magnitude of  

and a constant speed of . It is assumed that the beam is an Euler-Bernoulli in two 

segments joined by a rotational spring. The deflection of the beam is denoted by  

for two intervals of i=1 for  and i=2 for   .The equation of 

deflective motion for each segment is: 

 
Where   and  are Young’s modulus, density, cross sectional area and moment of 

inertia of the beam, respectively. is the magnitude of a force which travels along the 

beam with a constant speed of V.  is denoted as the Dirac delta function. The boundary 

conditions of this simply supported beam are: 

 
The compatibility equation at the location of crack is: 
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Where,  is the non-dimensional cracked beam sectional flexibility, which is a 

function of the crack size and for a single-sided open crack can be defined according to 
Tada et al (1985): 

 
Where,    is a non-dimensional crack to depth ratio. 

 
Fig.1. Cracked simply supported beam under excitation of a moving load 

3. Eigen-value and mode shape analysis  
In order to find the natural frequencies and modal shapes of cracked beam, homogenous 
solution to equation (1) is found by letting the force term to be zero. 

 
Using the method of separation of variables yields:  

 
Substituting equation (6) into equation (5) yields: 

 
Where: 

 
The solution of equation (7) is: 

 
There are 9 parameters in equation 9 that must be found, which are  . 

These parameters can be found by 4 boundary conditions given in equations (2) and 4 
compatibility conditions given by equations (3a)-(3d) and following equation called 
normalizing equation of mode shape as: 
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Fig. 2a represents comparison between mode shapes of the simply supported beam in 
undamaged and in singly cracked state. As is shown, the difference between mode 
shapes is obvious when a crack is large (i.e. 5.0/ ≥hd ). Also the sharp change in the 
mode shapes of cracked beam at the location of crack can be clearly seen (located in the 
circles). However as shown in Fig. 2b, when crack is moderately large, 
(i.e. 25.0/ =hd ), the difference is negligible and sharp change in the location of crack 
is not clear. 

  
a. 5.0/ =hd b. 25.0/ =hd 

Fig 2. Comparison between 4 first mode shapes of simply supported beam in 
undamaged and singly cracked state for :   

 and crack depth ratio of 

a) 5.0/ =hd  b) 25.0/ =hd  
4. Forced response analysis 
Using the modal expansion theory, the forced response y(x, t) of the system can be 
expressed as: 

 
Where, is N-th  eigen-function of the cracked beam in equation(9) and  is 

N-th generalized coordinate. Substituting equation (11) into equation (1), and 
multiplying both sides of the above equation by  and integrating from 0 to   

yields: 
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Where: 

 
In this study, the initial displacement and velocity is zero i.e.  and 

. Assuming yields is as: 

 

 

 
Where: 

 

 
In the special case of undamaged beam under the excitation of moving load  

when other coefficients are zero, the response is found as follows: 
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Where  is N-th natural frequency of undamaged simply supported beam which is 

equal to  .As can be seen from equations  and , there are 

many parameters which affect the beam deflection. In order to generalize our study, we 
try to choose the velocity in such a way that the response of the beam become 
independent of beam parameters. We define  as: 

 
And also we consider: 

 
Where  is an arbitrary velocity coefficient and  is called non-dimensional time 

coefficient which varies from 0 to 1 as the load passes along the beam. After 
mathematical manipulations, and normalizing the deflection by static deflection of the 
beam at mid span caused by a constant load  exerted on the middle of the undamaged 

simply supported beam, i.e. (  ), equation (17a) changes to: 

 
In the above equation, the normalized deflection at a point of relative distance   from 

the left support of the beam is only a function of the velocity coefficient , the non-
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dimensional time coefficient  and mode shape number used to approximate the 

solution . So the response of undamaged beam is independent of beam parameters. 

This holds in the case of cracked beam with a good approximation. So, this idea can be 
applied to the case of cracked beam to generalize the study of the response. This is 
favorably declared that the response is mainly affected by crack size and location which 
is our favorite goal. 
5. Validation of modeling 
As a validation to this study, we suppose a simply supported cracked beam with 

 . 

Deflection of beam at mid span versus the position of moving load for two speeds of 
  and   is depicted in Fig. 4. The lateral displacement of the beam is 

normalized by dividing it by static deflection of the beam due to a constant lateral load 
 applied at the middle of the undamaged simply supported beam, which is equal 

to . The horizontal axes in Fig.4 shows the normalized place of moving load 

which is equal to Vt/l. This figure is the same as figure represented in Mahmoud (2001) 
which demonstrates the accuracy of the present model. 

 
Fig. 3.Normalized deflection of mid span vs. place of moving load  

6. A discussion on the number of required modes for approximation  
The forced responses of the system are obtained by using modal expansion theory for 
equation (11).  Three cases were considered: a) displacement at  , b) displacement 

at mid span   and c) displacement  of moving load  . In order to 

generalize the study, the authors used the normalizing technique reported in the 
previous section. The displacement of cases a, b and c under the excitation velocities of 

  .were investigated. (Note that the value  corresponds 

to critical speed which is well known in literatures.). In all cases, the parameters are set 
at considered:    and 

  As a sample, the responses at velocities of  

and   are depicted in Fig 4. From these figures the following results are 

obtained: a) for all cases, the first mode shape is dominant ,b) The first mode shape is 
enough to approximate the displacement of mid span with high accuracy, and c) the first 
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two modes satisfies displacement accuracy of all points in the beam except mid span, 
where only first mode is enough. For other values of   the same results were obtained. 

  

 

a.  b.  

 
  and  

 
7. Conclusion 
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Dynamic response of cracked and intact beams under the excitation of a moving load 
was investigated. After finding the natural frequency and mode shapes of the beam, 
modal expansion theory was applied to find the beam deflection. Beam deflection under 
various speeds of excitation up to critical speed was investigated. It was also found that 
for all cases, the first mode is dominant. Also the first mode is enough to approximate 
the displacement of mid span with high accuracy. To approximate the displacement of 
other points of the beam and also displacement of moving load, only the first two modes 
are enough. 
Another main contribution of this study was due to normalizing the response of beam in 
such a way that in the case of undamaged beam, non-dimensional deflection is 
independent of beam material and geometrical properties. In the case of cracked beam, 
after normalizing, the deflection will be less affected by beam parameters and 
significantly is affected by crack size and location. So, this normalization will be useful 
for damage detection of beams. 
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