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ABSTRACT 
 
The precise damage information is critical in structural health monitoring, which provide indispensable evidence 
on evaluating structural safety and maintaining structural integrity. This paper presents an damage identification 
method in frequency domain based on Virtual Distortion Method (VDM). VDM is a fast structural reanalysis 
method, in which virtual distortions regard to damaged elements are introduced to simulate structural 
modifications or damages, such that given the response of the intact structure, the VDM allows the response of 
the damaged structure to be quickly computed without a time-consuming full structural simulation. In this study, 
VDM is extended into frequency domain. It constructs the frequency response of the damaged structure via the 
superposition of the frequency response of the intact structure and the frequency response caused by the virtual 
distortions, where Fourier transfer is used. In this way, given the damage factor, the frequency response of the 
damaged structure can be estimated quickly through the frequency response of the intact structure which is 
computed once at the very beginning. Then via the quickly constructed model of the damaged structure, the 
damages can be identified using the classical model-based methods. A numerical truss model is used to verify 
the proposed idea. 
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INTRODUCTION  
 
Damage identification is critical in structural health monitoring. It provides indispensable evidences on 
evaluating structural safety and maintaining its integrity. Many effective identification methods have been 
presented. But it is still difficult on accurate identification of structures in civil engineering due to the large and 
complexity of the structures, as well as the limits of the measurements.   
Damage identification methods based on vibration responses have two mainly categories: methods in frequency 
domain and methods in time domain. Many identification methods have been discussed based on dynamic 
signature (Doeling et al. 1996) like natural frequency, modal shape etc. It pointed out that high order models are 
more sensitive to structural damages(Kim et al. 2003). 
When the adjacent modes are very close, it is hard to identify their natural frequencies and modes, then the 
measured or identified frequency response function (FRF) can be used instead. The damages of laminated plates 
are identified using FRF data (Santos et al.2005). The methods in frequency domain are robust to noise, and the 
structural random response and free responses can be used which are widely used in practice. It is not strict on 
the structural initial states and accurate excitation, and thus method in frequency domain is easily to be 
performed in practice. However structural modal parameters are insensitivity to local damages, it takes amounts 
of work on optimizing the accurate results. Thereinto, in each optimization step, the estimation of the structural 
modes and eigenvalue decomposition cost large work. 
Time domain methods apply the measured responses directly for parameter identification. The classical methods 
include least square method and its improved algorithms. The identification utilizing extended kalman filter was 
performed (Iwasaki et al.1989). Methods based on time series model are also used popularly, as well as the 
those based on signal processing techniques, like wave analysis (Ding and Li 2006), Hilbert-Huang transform 
based on empirical mode decomposition(Tang et al. 2011). These methods can locate the damages modeless. 
For damage extents identification, it needs the finite element model. Damage identification based on Virtual 
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distortion method (VDM) (Holnicki-Szulc, 2008) introduces certain virtual distortions to simulate the structural 
damages in time domain, and the responses of the damaged structural can be estimated without the reanalysis of 
the whole structure. However time domain methods are sensitivity to measurements noise, and are hard to be 
applied in practice. 
This paper extends VDM into frequency domain. It constructs the frequency response of the damaged structure 
via the superposition of the frequency response of the intact structure and the frequency response caused by the 
virtual distortions. Then via the quickly constructed frequency response, the corresponding structural models are 
estimated, and the damages are identified using the classical model-based methods. A numerical truss model is 
used to verify the proposed idea. 
 
VIRTUAL DISTORTION METHOD 
 
Virtual Distortion Method belongs to fast reanalysis method. It introduces virtual distortions to simulate the 
structural modifications, which are equivalent to add virtual forces on the nodes of the intact structure. Such that 
the responses of the damaged structure (modified structure) equal to linear combination of the responses of the 
intact structure to the same excitation and to the certain concerned virtual distortions. In this way, in case of that 
the linear response of the intact structure is known, the responses of the damaged structure can be estimated 
quickly without the whole structural reanalysis. The application of VDM is limited to small deformation 
structure. In order to express the proposed method simply, this paper only takes truss as model. 
 
Responses of the Damaged Structure in Time Domain  
 
Denote by ( )y tα the dynamic response of the damaged structure at theα th measurement, let ( )Ly tα

be the 

corresponding response of the intact structure. Via VDM, the response ( )y tα
equals to  

( ) ( ) ( ) ( )L 0

0

t

y t y t D t dα α αβ β
β

τ ε τ τ= + −∑∫ ,                                               (1) 

where ( )0 tβε is the virtual distortion of the β th damaged element. ( )0 tβε  equals to apply a pair of equivalent 

force on the element which make the element occur the strain distortion ( )0 tβε . ( )D tαβ is the impulse responses 

of the α th measurement of the intact structure to the unit impulse virtual distortion in the β th damaged 
element. 
Let 

iµ be the damage extent of the ith element, which is the ration between the modified local stiffness matrix 

iK and the original local stiffness matrix 
iK , 

i iK Kµ=  .                                                                             (2) 

Denote ( )i tε be the actual distortion of the ith damaged element, then the relation among the damage extent 

iµ , the actual distortion ( )i tε  and the corresponding virtual distortion ( )0

i tε is as follows: 

( ) ( ) ( )0 1i i it tε µ ε= − .                                                              (3) 

( )i tε is the actual distortion of the damaged structure , similarly to equation (1), there is  

( ) ( ) ( ) ( )L 0

0

t

i i it t D t dβ β
β

ε ε τ ε τ τ= + −∑∫ .                                          (4) 

Then via combing Eqs 3 and 4, given the damage extents, the virtual distortion ( ) ( )0 1, 2,i t i nε =   can be 
computed via solving the following equations, 

( ) ( ) ( ) ( ) ( ) ( ) ( )0 L 0

0
1 1 , 1, 2,

t

i i i i it t D t d i nβ β
β

ε µ ε µ τ ε τ τ= − + − − =∑∫   .           (5) 

Substitute the computed virtual distortion ( ) ( )0 1, 2,i t i nε =   into equation(1), the responses of the damaged 
structure to given damage extents can be obtained. 
It can be seen that via VDM given the damage extents, the response of the damaged structure can be estimated 
without the repeatedly analysis of the whole structure and the response of the intact structure only needs to be 
computed once in advance. This improves the computation efficiency during the damage identification. 
However in practice, the measured responses are usually contaminated with noise, and the identification based 



on VDM in time domain is sensitivity to noise. In addition, the identification in time domain is hard to employs 
the random responses or free responses which are easily to be obtained in practice and often used especially for 
large structure identification. Therefore this paper develops the identification based on VDM into frequency 
domain.  
 
Responses of the Damaged Structure in Frequency Domain 
 
Perform Fourier Transform on equation (1) , there is  

( ) ( ) ( ) ( )L 0y y Dα α αβ β
β

ω ω ω ε ω= +∑                                       (6) 

Eq.6 shows that the responses of the damaged structure in frequency domain can be similarly expressed as the 
linear combination of the corresponding responses of the intact structure and the virtual distortions.  
In order to compute ( )0

βε ω , perform Fourier Transform on equation  (5), which are expressed as  

( ) ( ) ( ) ( ) ( ) ( ) ( )0 L 01 1 , 1, 2,i i i i iD i nβ β
β

ε ω µ ε ω µ ω ε ω= − + − =∑  .                     (7) 

So given the damage extents, virtual distortion ( )0

iε ω ( )1, 2,i n=   can be obtained by solving the liner Eq.5. 
Let the excitation be unit impulse applied along the jth degree of freedom (j=1, 2,…n), then the response 
obtained by Equation(6) is the frequency response of the damaged structure, denote it by  ( )jhα ω , 

( ) ( ) ( ) ( )L 0

j jh h Dα α αβ β
β

ω ω ω ε ω= +∑ ,                                               (8) 

where ( )L

jhα ω  is the the frequency response of the intact structure to the unit impulse applied along the jth 

degree of freedom. Assume the frequency response ( )L

jhα ω known, given damage extent, the virtual distortion 

in frequency domain ( )0

βε ω  can be computed via solving a linear equation, then substitute ( )0

βε ω into Eq.6, 

frequency responses ( )jhα ω   of the damaged structure can be computed quickly without the whole structure 
reanalysis, which provides the advantage of structural damage identification in frequency domain. 
 
DAMAGE IDENTIFICAITON 
 
In the above analysis, it points out that the frequency response of the damaged structure can be constructed 
quickly to given damage extents. It is easy to obtain the frequencies from the frequency response by Peak 
Picking Method, as well as the mode shape, which are obtained via the ration of the peaks. In this way, it is 
feasible to employ the classical model based methods for damage identification using frequency response. 
Regard to each mode, the following objective function is built which combines the information of both natural 
frequency and mode shape,  
 

( ) ( )
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where µ  is the modification factor to be identified; 
,m i

ϕ is the identified ith  mode shape, while ( )
,a i

ϕ µ  is the 

corresponding mode shape of the theoretical element model,
,iϕ

α  is the weight of error of the mode shape; 
,m j

ω is 

the identified jth  order frequency, while ( )
,a j

ω µ  is the corresponding frequency of the theoretical element 

model, , jωα  is the weight of error of the frequency. 
 
NUMERICAL EXAMPLE 
 
A supported steel 8-span space truss, shown in Figure 1, is used to verify the proposed method. It is 4m long 
with the height of 0.3m, and consists of 31 bars, with the nodes of 17. The density is 7800kg/m3, and the young's 
modulus is 2.0Gpa, and. The weight of the node is 10kg. 
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Figure 1. The model of truss 
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Figure 2. Damage extent 

 
Assume the six bottom chord bars, No. 6, 10, 14, 18, 22, 26, are potentially damaged, of which the damage 
extents are shown in Figure 2, while the rest bars are intact. Seven accelerometers are located on the nodes of 
bottom chord bar, see Figure 1, to measure the vertical accelerations. The free responses with 5% Gaussian 
noise pollution are shown in Figure 3. In order to identify the damage extents, the first four modes of the 
damaged structure are identified via Eigen realization algorithm, of which the frequencies are shown in Table 
1(identified), and the mode shapes are shown in Table 2(identified). The identified values are compared with the 
values obtained by the finite element model of the damaged structure, see Table 1(damaged) and Table 
2(damaged). It can be seen that the identified modes are very close to the computed values. So the former is 
robust to noise.  
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Figure 3. Free response 

 
Table 1. Frequency 

order intact damaged identified VDM 
1 26.24 24.81 24.82 24.904 
2 87.80 82.67 82.59 82.672 
3 113.71 113.01 112.82 113.05 
4 190.84 188.65 187.77 188.746 



Table 2. Identified mode shape 

Order 
sensor 

1 2 3 4 5 6 7 

1 
damaged 1.000 1.856 2.388 2.525 2.297 1.734 0.932 
identified 1.000 1.827 2.424 2.569 2.364 1.782 0.956 

VDM 1.000 1.858 2.394 2.536 2.310 1.745 0.938 

2 
damaged 1.000 1.313 0.728 -0.405 -1.325 -1.576 -1.045 
identified 1.000 1.316 0.732 -0.405 -1.325 -1.577 -1.049 

VDM 1.000 1.313 0.728 -0.405 -1.325 -1.576 -1.045 

3 
damaged 1.000 1.941 1.888 0.717 -0.829 -1.698 -1.339 
identified 1.000 1.940 1.887 0.716 -0.828 -1.692 -1.338 

VDM 1.000 1.942 1.890 0.718 -0.830 -1.700 -1.341 

4 
damaged 1.000 0.824 -0.337 -1.065 -0.424 0.788 1.025 
identified 1.000 0.824 -0.339 -1.066 -0.426 0.788 1.025 

VDM 1.000 0.825 -0.336 -1.064 -0.425 0.786 1.023 
 
In addition, the modes of the intact structure are computed via the finite element mode to construct the modes of 
the damaged structure via VDM. Table 1(intact) lists the first four orders of the frequencies of the intact 
structure, while Figure 4 shows the corresponding modes.  
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Figure 4. Mode shape 

 
Figure 5 shows the magnitudes of the frequency response of the intact structure at the location of sensor 
4(Figure 5, intact), which are then substituted into equation to construct the frequency of the damaged structure. 
The structural model is independent of structural damping, so in order to identify structural model accurately, 
the influence of the damping on structural frequency response is regardless. The results, see Figure 5(VDM) are 
the same as the computed frequency response of the damaged structure (Figure 5,damaged). It shows that the 
frequency responses of the damaged structure can be constructed accurately via VDM. 
 



0 50 100 150 200
0

0.2

0.4

0.6

0.8

1
x 10-5

FR
F

frequency [Hz]

 

 
intact
damaged
VDM

 
Figure 5. Frequency response 

 
Via VDM, the constructed frequency response of the seven sensors are shown in Figure 6. Then the 
corresponding frequencies can be identified via Peak Picking Method, listed in Table 1(VDM), which are very 
close to the computed values. Then via the ration of the peaks, regard to each frequency, of the seven 
constructed frequency responses, the modes can be obtained, see Table 2(VDM). It can be seen that the modes 
are also quite close to the actual computed values of the damaged structure (Table 2,damaged). These prove 
once again that the frequency responses of the damaged structure  can be constructed effectively via VDM. 
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Figure 6.  Frequency response of 6 sensors 

 
Based on the above analysis, structural damages are optimized via the objective function. During the 
optimization, the frequency responses of the structural regard to given damage extents are constructed, and the 
corresponding modes and frequencies are estimated and then substituted into Eq.9. Then the damage extents 
which minimize the objective function are the identified structural damages. The identified results are shown in 
Figure 7. It shows that both the damage extents and the locations can be identified precisely even under the 5% 
noise pollution.  
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Figure 7. Damage extent 

 
 



CONCLUSIONS 
 
A damage identification method is presented using Virtual Distortion Method (VDM) in frequency domain, and 
it is verified by a numerical truss model with 31 bars. Via Fourier transfer, the current VDM application in time 
domain is extended into frequency domain, that is, the frequency response of the damaged structure can be 
constructed via linear combination of frequency response of the intact structure and those caused by virtual 
distortion. During the damage identification, given damage extents, the frequency response of the damaged 
structure can be computed quickly by mainly solving a linear equation. Then the corresponding models are 
estimated from constructed frequency response and used for damage identification. This method improves the 
effectiveness of the classical model-based methods and is robust to noise.  
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