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ABSTRACT 
 
This paper proposed an improved substructure method using local free response for substructure damage 
identification. The virtual supports are constructed by substructure isolation method using the linear 
combination of the substructural responses. The influence of the global errors is isolated by adding the virtual 
supports on the main degree of freedoms(Dofs) of the substructure. The substructural modes are selected and 
used for damage identification of the substructure. A plain model of cable stayed bridge is used for the 
verification of the proposed method. 
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INTRODUCTION  
 
As an important part in structure health monitoring, structural damage identification (Figueiredo et al. 2011) 
provides reliable theoretical guidance for the assessment of the structural health and safety. Currently, related 
studies mainly employed the structural dynamic information-based damage identification method (Fan et al. 
2011). Such damage identification method can directly analyze the change of signal characteristic parameters 
using signal processing methods, such as wavelet analysis (Ding et al. 2006) and Hilbert-Huang transformation 
(HHT) (Tang et al. 2011). Besides, it can also realize the damage identification by optimizing the parameters of 
Finite Element model (FEM) using the information such as structure mode (frequency and mode shape) (Han et 
al. 2011), flexibility matrix (Duan et al. 2011), time domain response (Kolakowski et al. 2011) and frequency 
response (Lin et al. 2011). At present, structural damage identification method has been profoundly studied. 
However, since civil engineering structures are large and complex, the damage of the global structure can’t be 
easily and accurately identified especially when only a few sensors are arranged.  
 
In civil engineering structures, multiple parameters are required to be identified and the dynamic information 
actually measured by the sensors are limited. Therefore, the accurate identification on structural damage was 
restricted. Such restriction can be effectively solved by changing the structure via modifying the stiffness or 
mass. The damage of the structure is identified (Nalitolela et al. 1992) using modal perturbation after adding 
mass or stiffness to the structure. Known mass (Cha et al. 2001) is added to the structure and conducted damage 
identification using the orthogonal property of structure eigenvalue. The structure forms are increased (Yang 
and Liu, 2009) through adding known concentrated mass on different positions of the original structure. The 
number of test structures (Yang et al. 2009) are increased by adding known stiffness components on the original 
structure. Then combining with the mode data of new structure and original structure, damage parameters were 
identified. However, mass and stiffness components were difficult to be installed to the large complex structures 
in civil engineering. 
 
Substructure Isolation method (Hou et al. 2009, Hou et al. 2012) can effectively change the structure forms. It is 
capable of isolating the substructures from the global structure by constructing virtual supports through linearly 
combining the dynamic response of local structure. In the present study, Substructure Isolated Method is 
improved using free response by considering that sensors could be constructed into virtual supports, which can 
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be applied to analyze the complicated substructures. Then the improved method is introduced using plane cable-
stayed bridge model. According to the characteristics of cable-stayed bridge model, each bridge tower and 
corresponding beam are taken as a substructure. Virtual supports are constructed on the main degree of 
freedoms (DOFs) of the boundary of substructure to reduce the influences of the global structure on the 
substructures. The accurate structural damage identification is performed finally. 
 
SUBSTRUCTURE ISOLATION METHOD 
 

Substructure Isolation Method 
 
For substructure isolation, a key equation, the constraining equation of isolated substructure, is shown as 
Equation (1). This equation has been detailed deduced in previous study (Hou et al. 2012). Thus in this study, 
the deduction process will not be repeated. In the following, we simply introduce the construction process of 
each matrix in the equation. 

Ds=D-CA+B                                                                                    (1) 
Assuming that substructure boundary has n DOFs, thus n sensors are needed to be placed on the boundary of the 
substructure; in addition, l sensors are placed in the interior of the substructure. The excitation applied on the 
boundary or the outside of the substructure are defined as constraining excitation. Since substructure boundary 
contains n DOFs, n groups of different constraining excitations are required to be applied on the boundary or 
outside of the substructure (the differences refer to different excitation positions or directions). Under the ith 
group impulse excitation, denote by aji the corresponding impulse response of the jth sensor on the boundary of 
the substructure; denote by cki the impulse response of the kth sensor in the interior of substructure; aji and cki are 
defined as “constraining response”. Usually, the constraining response is mainly used to constrain the boundary 
response of the substructure. If w is the sampling time point, aji and cki are w dimensional column vectors. 
Constraining response aji and cki (i,j=1,2,…,n; k=1,2,…,l) are arranged as the impulse response matrixes (A and 
C) respectively. Thus A and C are “constraining response matrix”, where A=[Aji], C=[Cki]; A is a nw 
dimensional square matrix; C is the matrix of row lw and column nw; Aji and Cki are w dimensional matrix as 
well as an impulse response matrix. Figure 1 shows the construction form of impulse response matrix Aji. 
Namely, Aji is constructed by delaying the arrangement of impulse response aji. Therefore, constraining response 
matrix is a block matrix composed by Toeplitz matrix. Similarly, matrix C can also be constructed. 
 
The excitation applied to the interior of substructure is defined as “basic excitation”; m groups of different basic 
excitations are applied to the interior of substructure; the jth group of excitation is noted as fj ; under excitation 
fj , the responses of n sensors on the substructure boundary is recorded as bj, and the responses of the l sensors in 
the interior of the substructure is noted as dj. bj and dj are defined as “basic response”. Meanwhile, bj and dj are 
nw and lw dimensional column vectors of the responses measured by the sensors in corresponding boundary and 
the interior of substructure arranged according to the order of the number of sensors. The matrix B=[b1,b2,…,bm] 
and D=[d1,d2,…,dm] constructed by basic responses bj and dj are “basic response matrix” , where B is the matrix 
of nw row and m column, D is the matrix of lw row and m column. Basic response matrix is mainly designed to 
obtain the information that reflects the basic dynamic characteristics of substructure. 

 
 

 
Figure 1. Impulse responses matrix 

 
Substituting matrix A, B, C and D into constraining Equation (1), the matrix Ds obtained is the response of the 
isolated substructure. In matrix Ds, the response ds,j of the jth  column is equivalent to the response of the jth 
sensor in the interior of virtual isolated substructure to the basic excitation fj. Then basing on the characteristics 



of excitation fj, the damage identification of the substructure can be realized using the isolated substructure 
model and suitable optimization method. 
 
The Substructure Isolation Method Based on Free Response 
 
The accurate construction of isolated substructure requires a strong irrelevance between constraining response 
and basic response. For the current substructure isolation method using impulse response, the excitation 
positions regard to each group of response are different. Therefore, the irrelevance between all sets of response 
is ensured. In the substructure isolation method based on time series response, the excitation needs to be applied 
to the exterior of substructure to keep the irrelevance of responses. However, to utilize the substructure isolation 
method to the large civil engineering structures, two problems are presented as follows. 
 
(1) Excitation. The method of applying excitation commonly used in real engineering includes artificial 
excitation (modal force hammer), ambient excitation and free response. Generally, modal force hammer can 
merely excite the response of local structure. However, when substructure is complex or large, the response 
cannot be excited; ambient excitation shows effect on almost all over the global structure, including the 
substructure. Thus the requirement in the time series method, that is, excitation cannot be presented in the 
interior of substructure, is unable to be satisfied; although free response meets the requirement above, the 
sections of free response show strong correlations. Thus free response is rarely used to construct isolated 
substructure (Hou et al. 2009). 
 
(2) Virtual support. The responses of all DOFs on the boundary of the substructure need to be monitored when 
using substructure isolation method. However, when the substructure boundary is complex or certain DOFs are 
hard to be measured, the virtual supports for isolating the substructure can hardly be constructed.  
 
To solve the problems above, substructure isolation method is improved as follows: 
 
(1) Substructure boundary. Since the response of substructure needs to be monitored when using substructure 
isolation method, substructure division position should be set on the positions with weak structural stiffness or 
simple connection forms as far as possible. When substructure boundary is complex or some DOFs cannot be 
easily measured, virtual supports are mainly placed on the directions of the main DOFs of substructure boundary. 
In such way, the connection between global structure and substructure is weakened and the accuracy of 
substructure identification can be improved.  
 
(2) Constraining response and Basic response. The responses obtained by exciting substructure boundary using 
modal force hammer are taken as constraining response. Since substructure boundary is located in the positions 
with weak stiffness, modal force hammer can excite the vibrations near substructure boundary. The initial state 
of the constraining response is zero here. Constraint matrixes A and C are block lower triangular matrixes. Their 
arrangement form can be found in previous study (Hou et al. 2012). Free response is taken as basic response. 
However, it can be known from equation (1) that the boundary response of the basic response is limited as zero 
using the linear combinations of constraining response when using substructure isolation method. Since the 
initial state of constraining response is zero, the response of substructure boundary of the basic response at 
initial time point is also required to be zero. Generally, free response can’t ensure that all boundary responses of 
substructure measured at certain time point are zero. Therefore, the boundary response at the initial time point is 
made to be zero through linearly combining several groups of free responses. Then the responses experiencing 
linear combination can be taken as basic responses. It should be noted that the response at initial time point is 
zero does not mean that the initial state of structure is zero, but means that the response at time point of zero is 
just be zero. 
 
To sum up, in the present study, the free response of the global structure is taken as basic response; the response 
of the substructure boundary excited by modal force hammer is used as constraining response; virtual supports 
are arranged on the directions of the main DOFs of the substructure boundary to relieve the effect caused by the 
global structure to substructures. Substructure damage identification is thereby realized. In the following section, 
a numerical simulation is used to explain the proposed method via a simplified plane cable-stayed bridge model. 
 



NUMERICAL EXAMPLE 
 

FEM of cable-stayed bridge 
 
Figure 2 shows the simplified plane FEM model of a cable-stayed bridge. This model is composed by three 
main towers with respective height of 17m, 21m and 17m, and four spanned beams with respective length of 
21m, 56m, 56 and 21m. The flexural stiffness of the main beam is 1.333×108 N∙m2, the axial stiffness is 
1.600×109 N, line mass is 2.650×103 kg/m; the flexural stiffness of the three main towers are 2.000×109 N∙m2, 
axial stiffness is 2.400×1010 N, line mass is 3.975×104 kg/m; the axial stiffness the cable is 8.2467N, line mass 
is 2.4819 kg/m. The natural frequencies of the first 6 orders of the cable-stayed bridge are shown in Table 1. 
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Figure 2. Numbering 

 
Table 1. The natural frequency (Hz) 

Order 1 2 3 4 5 6 
Natural frequency 0.251 0.354 0.418 0.501 0.522 0.748 

 
The cables of the cable-stayed bridge show obvious substructure characteristics. In general, such substructure 
characteristics can be identified using the dynamic information of each cable independently. Thus in the present 
study, the parameters of the cables are assumed to be known, and only the damages on main tower and main 
beam are to be identified. The whole bridge is divided into 9 parts, see Figure 2. Figure 3 shows the assumed 
damage extent of each part. The left spanned main tower in Figure 2 is determined as the substructure needed to 
be identified.  
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Figure 3. The damage extent 
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Figure 4. The virtual supports 
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Figure 5. The first 4 orders of structural modes with virtual supports 

 
To isolate substructure, virtual supports are constructed by limiting the response of the sensor on the boundary 
to be zero. In Figure 2, the boundary of substructure presents three DOFs, namely, vertical displacement, 
horizontal displacement, and rotational displacement. However, the DOF of rotational displacement is difficult 
to be measured or measurement accuracy is low. Thus substructure cannot be easily isolated from the global 
structure. In such situation, virtual supports are installed at the directions of the main DOFs of substructure 
boundary. The influences brought by the global error structure to substructure are thereby weakened and 
damage identification is realized finally. Since vertical acceleration is the main vibration mode of the bridge, the 
virtual supports are constructed using the method, see Figure 4. The two vertical supports limit the vertical 
displacement of substructure boundary. Meanwhile, the rotational displacement is also limited to some extent. 
Because of that substructure cannot be completely isolated from the global structure using virtual supports, the 
model of the global structure should still be used in the mode calculation of the structure. Figure 5 shows the 
first 4 orders modes of the FEM model with the virtual supports (Figure 4). As shown in figure 5, virtual 
supports effectively separate the substructure mode from other modes of the structure. The 3rd-order mode 
shape in the modes of first 4 orders mainly concentrates on the modes of substructure vibration, while the 1st, 
2nd, 4th-order mode shapes mainly present modes of outside of the substructure. Since the identification on the 
substructure demands the modes that mainly focus on substructure vibration, only the 3rd-order mode in the first 
4 orders modes can be used in the damage identification of the substructure. The modes that only mainly 
concentrate on substructure are extracted.  

 
Basic Response and Free Response 
 
(1) Placement of sensors 
 
The placement of the sensors is shown in figure 6. Two acceleration sensors are arranged on two vertical DOFs 
of the boundary of substructure and numbered as 1 and 2; in the interior of the substructure, 3 acceleration 
sensors are placed and numbered as 3, 4 and 5 respectively. Two of them are placed on the main beam and one 
is placed on the main tower.  
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Figure 6.  Sensor placement 

 
(2) Basic response 
 
The bridge structure is applied with moving loads. Due to the roughness of the road surface, the bridge is in free 
vibration when the moving loads are away. Then a section of free response is selected. Considering the effect of 



5% Gaussian white noise, this free response section is denoised using wavelet method. The denoised response 
was shown in Figure 7. The sampling frequency is 1000Hz. 

 

0 2 4 6 8 10 12
-0.5

0

0.5

时间(s)

加
速
度

(m
/s

2 )
 

 
1
2
3
4
5

a 
[m

/s
2 ]

time [s]
 

Figure 7. The denoised free response 
 
Two sensors are placed on the boundary of the substructure. Since basic response require the initial boundary 
response of the substructure to be zero, three sections of response are selected from the measured response in 
Figure 7. The three groups of original values are then linearly combined, and the substructure boundary 
combination results in zero. When the response of the 5 sensors regard to the three response sections are 
combined, the boundary response (see Figure 8) and internal response (see Figure 9) of substructure after 
combined could be obtained. The combined response is taken as the basic response for constructing the isolated 
substructure.  
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Figure 8. The combined free response of substructural boundary 
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Figure 9. The combined free response of inner substructural boundary 

 
(3) Constraining response 
 
Figure 10 simulates the excitation on the FEM of the damaged bridge using force hammer. After response is 
added with 5% Gaussian white noise, the actual measured response is simulated. Since the two sensors on the 
boundary of the substructure needed to be constructed into virtual supports, two groups of excitations are 
required. Due to that the virtual support constructed cannot separate the substructure from the global structure 
totally, that was, the substructure is still one part of the global structure. Therefore, the position of excitation 
should be resembled with that of the sensors on the boundary. Otherwise, the response constructed using 
constraining function cannot be taken as free response. The force hammer excitation simulated in Figure 10 is 
applied as vertical excitation on the location of the sensors on the boundary. Two groups of responses are 
obtained. The two groups of responses are taken as constraining responses. Figure 11 shows one group of 
denoised responses.  
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Figure 10. Excitation 
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Figure 11. The 1st group of denoised response 

 
Constructing the Free Response of Isolated Substructure 
 
The constructed constraining response and the basic response are substituted into the constraining function of 
the substructure isolation method. The responses of the two sensors on the boundary of substructure are limited 
to zero. The corresponding responses of the three sensors in the interior of the substructure, namely, the free 
responses of sensor 3, 4, 5 after two virtual supports are added, are shown in Figure 12.  
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Figure 12. The constructed free response 

 
Mode Identification 
 
The mode of the structure added with virtual supports is identified using Stochastic Subspace Identification 
method. The 5 orders natural frequencies are shown in Table 2. Table 2 presents the natural frequencies of the 
theoretical undamaged structure and damaged structure with virtual supports. The identified natural frequencies 
are in good agreement with the frequencies of theoretical damaged structure with virtual supports. This result 
verifies the validity of free response-based substructure isolation method. 

 
Table 2. The identified natural frequency (Hz) 

Order 1  2  3  4  5  
Intact 0.491 1.060 1.628 3.482 4.536 

Damaged 0.454 0.966 1.545 3.070 4.336 
Identified 0.454 0.962 1.555 3.075 4.184 

 
Damage Identification 
 
The two virtual supports placed on the boundary of the substructure weaken the influences caused by the errors 
which is outside the substructure. Therefore, we can assume approximately that the outside of the FEM 
substructure is undamaged. Then the three damage extents of the substructure are identified using the modes 
identified in Table 2. The identification results are shown in Figure 13. It can be seen that the identification 
results satisfy the accuracy requirement. The effectiveness of the proposed method is verified.  
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Figure 13. The identified damage extent of substructure 

 

CONCLUSION 
 
This study put forward a free response-based isolated substructure damage identification method. It further 
verifies the effectiveness of the method proposed using a plane cable-stayed bridge model. The following 
conclusions are obtained: 
 
(1) Basic response is linearly constructed using free response. Constraining response is artificially excited. The 
irrelevance of the basic response and constraining response is thereby ensured. Meanwhile, the construction 
accuracy of the virtual supports is improved and the application range of the method proposed is expanded. 
 
(2) Virtual supports are placed on the main DOFs of the substructure boundary. The modes mainly reflecting the 
substructure vibration are selected to reduce the influences brought by the global structure to the substructure. 
The accuracy of the substructure damage identification is thereby improved. Besides, it overcomes the limitation 
on monitoring the DOFs of the boundary of the substructure induced by Substructure Isolation method. 
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