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ABSTRACT 
 
This paper proposed a structural time-varying damage detection method by using synchrosqeezing wavelet 
transform. The instantaneous frequencies of a structure with time-varying damage are first extracted by using 
the synchrosqueezing wavelet transform. Since the proposed synchrosqueezing wavelet transform is invertible, 
thus each individual component can be reconstructed and the instantaneous modal shapes can be extracted based 
on the amplitude of the analytical signals of the reconstructed individual components. Then, the time-varying 
modal flexibility damage index (MFDI) is defined based on the extracted instantaneous frequencies and modal 
shapes. Both free and forced vibrations of a classical Duffing nonlinear system and a simply supported beam 
structure with abrupt and linear time-varying damage are simulated. The proposed synchrosqueezing wavelet 
transform method can successfully extracted the instantaneous frequencies and modal shapes of the damaged 
structures under free vibration or vibration due to earthquake excitations. The results also show that the further 
defined MFDI can effectively track structural time-varying damage. 
 
KEYWORDS 
 
Synchrosqueezing wavelet transform, instantaneous frequency,  time-varying damage detection, MFDI. 
 
INTRODUCTION  
 
Civil engineering structures often suffer local or global damage when they are subjected to earthquakes, 
tornados and other extreme loads. The structural damage causes the structural dynamic characteristic properties 
vary over time and leads to non-stationary responses. Moreover, during the oscillation, the degree of structural 
damage is usually from minor to severe. To track the structural damage evolution during the vibration, it is quite 
necessary to identify the time-varying structural parameters such as instantaneous modal frequencies and modal 
shapes from the measured responses.  
In recent years, identification of time-varying structures and damage detection based on time-frequency 
representation (TFR) analysis method has been attracting wide attention. Various time-frequency methods 
proposed in literature include short-time Fourier transform (STFT), Gabor transform, Cohen class quadratic 
distribution, Hilbert-Huang transform (HHT) (Huang et al. 1998, 1999) and continues wavelet transform (CWT) 
(Kijewski and Kareem 1999, 2007). Among the above mentioned methods, HHT and CWT play the most 
important role without adding more complexity. Huang, et al.(1998) explored a sifting procedure called 
empirical modal decomposition (EMD) to decompose a multi-component signal into several intrinsic mode 
functions (IMFs), then Hilbert spectral analysis was employed to realize the extraction of instantaneous 
characteristics of non-stationary signals. To solve mode mixing problem in EMD, Wu and Huang 2009 further 
developed ensemble empirical modal decomposition (EEMD). Over the last two decades, HHT has been 
successfully applied in many engineering fields. However, since HHT belongs to empirical analysis method, it 
still encounters a few problems in practical application, for example, HHT still have some difficulties in 
negative frequency, distortion, non-convergence EMD and the ambiguity of IMF definition (Huang et al. 2005). 
In addition, HHT can’t decompose a signal with overlapping modal frequencies (Chen and Wang 2012). 
Wavelet transform as one of the time-frequency analysis tools has attracted wide attention in recent years. 
Ruzzene et al. (1997) introduced complex wavelet transform to estimate natural frequencies and viscous 
damping ratios from the responses of both free and ambient vibrations. Hou et al. (2006) employed a wavelet-
based structural health monitoring technique to extract instantaneous modal shapes from the responses due to 
earthquake excitations. More recently, Xu and Shi (2012) combined wavelet theory and state-space method for 
the identification of dynamic parameters in linear time-varying system. Although wavelet transform has been 
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widely used in time-varying parameter identification or damage detection, Kijewski and Kareem (2003) pointed 
out that wavelet transform can’t always provide finer enough frequency resolution for long period signal 
components which is marked for vibration response of civil engineering structures. Therefore, how to get a clear 
view of time-frequency curves about measured signal remains a problem to be resolved. 
More recently, Daubechies et al. (2012) explored a new wavelet based time-frequency method named 
synchrosqueezing wavelet transform, which is a combination of wavelet analysis and reallocation method. Their 
proposed method can effectively reassign time frequency curves to get more accurate results, and decompose an 
arbitrary signal to a linear superposition of several approximate harmonics at ease. Wu et al. (2011) presented an 
EMD-inspired synchrosqueezing method to extract close spaced instantaneous frequencies. Li and Liang (2012a; 
2012b) proposed a generalized synchrosqueezing transform (GST) approach to detect and diagnose gearbox 
faults due to the diffusions of the TFR energy along time or frequency axes. Although the developed 
synchrosqueezing wavelet transform is powerful to extract signal instantaneous frequencies and reconstruct 
individual signal components, practical applications are still relatively rare, especially in the field of civil 
engineering.  
Civil structures are prone to damage even failure when they are subjected earthquakes or other extreme loads. 
Structural damage often causes changes in physical parameters, such as stiffness, damping and mass. These 
changes in physical parameters in turn affect the dynamic behavior of the structure. In the last few decades, 
vibration based damage detection methods have attracted tremendous amount of attention. The basic idea is that 
modal parameters are functions of physical properties. Any damage such as stiffness reduction may cause 
detectable changes in frequency, modal shapes and so on. Recently, the wavelet transform based time-frequency 
analysis methods were developed for civil structural damage detection. For instance, Rucka (2011) dealt with 
the wavelet-based damage detection technique on a cantilever beam. Golmohamadi et al.(2012) proposed an 
effective method for damage estimation based on statistical moments of the energy density function of the 
vibration response in the time-frequency domain by using CWT. 
In this paper, synchrosqueezing wavelet transform is first introduced to estimate instantaneous frequencies of 
structures with time-varying damage. A Duffing nonlinear system and a simply supported beam with free and 
forced vibrations are simulated as numerical examples to validate the accuracy and effectiveness of the method. 
The estimated instantaneous frequencies can be directly employed to detect the presence and the quantification 
of damage severity. However, frequency as a damage index only relates well with the change of global stiffness 
but is less sensitive to local stiffness reduction (Yang and Wang 2010; Fayyadh et al. 2011). On the other hand, 
modal shapes and its derivatives are more promising in the detection of both location and degree of damage. To 
effectively detect the structural damage, combined indices of natural frequency and mode shape are more widely 
used (Pandey and Biswas, 1994; Jaishi and Ren, 2006; Wang and Lin, 2007; Yan et al., 2006; Yang and Liu, 
2006). In this study, a time-varying MFDI is defined for beam structures with distributed mass and demonstrate 
its feasibility. Instantaneous frequencies are estimated by synchrosqueezing wavelet transform and 
instantaneous mode shapes are combined to predict the damage evolution. The effectiveness and accuracy of 
this new damage index is validated by a Duffing nonlinear system and a numerical simply supported beam with 
abrupt and linear time-varying damages. 
 
THEORETICAL BACKGROUD 
 

Continues Wavelet Transform 
 
Wavelet is a time-frequency signal processing method which relies on the introduction of an appropriate basis. 
Detailed information regarding wavelet transform and its application can be found in (Mallat 1999). For a given 
mother wavelet function 𝜓(𝑡), that is 𝜓(𝑡) ∈ 𝐿2(𝑅) , a wavelet family 𝜓𝑎,𝑏(𝑡) is generated by dilations and 
translations of itself, 

𝜓𝑎,𝑏(𝑡) = 1
√𝑎

 𝜓 �𝑡−𝑏
𝑎
�                                                                          (1) 

where a is a scale factor which plays the role of the inverse of frequency, and b is a translation factor related to 
time. The CWT of any signal x(t) is defined by 

𝑊𝑥(𝑎, 𝑏) = ∫ 𝑥(𝑡) 1
√𝑎

∞
−∞ 𝜓 �𝑡−𝑏

𝑎
�����������  𝑑𝑡                                                          (2) 

 where 𝜓 �𝑡−𝑏
𝑎
�����������  represents the complex conjugate of wavelet family 𝜓 �𝑡−𝑏

𝑎
�. Wavelet coefficient 𝑊𝑥(𝑎, 𝑏)  

represents a measure of the similitude between the dilated mother wavelet and the signal x(t) at scale a and time 
b. The mapping between scale factor a and frequency 𝜔 facilitates displaying wavelet coefficients in time-
frequency plane.  
The selection of an appropriate type of wavelet mother function is crucial for the effectiveness of CWT. Though 
there are countless mother wavelets used in practice, of both discrete and continuous form, this article shall 
focus on the complex Morlet wavelet transform. In mathematics, complex Morlet wavelet is a wavelet 
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composed of a complex exponential carrier multiplied by a Gaussian window (Bernardino and Santos-Victor, 
2007), and the mathematical expression of this wavelet is  

 ψσ(t) = cσπ
−14e−

t2
2 (e−iσt − κσ)                                                          (3) 

where 𝜅𝜎 = 𝑒−
𝜎2
2  is defined by the admissibility criterion and the normalisation constant cσ is 

 cσ = (1 + e−σ2 − 2e−
3σ2
4 )−

1
2                                                                  (4) 

The Fourier transform of the complex Morlet wavelet is 

ψ�σ(ω) = cσπ
−14 �e−

(σ−ω)2
2 − κσe−

ω2
2 �                                                         (5) 

The value of σ determines the value of the central frequency Fc and the frequency bandwidth Fb. Fc is the 
position of the global maximum of 𝜓�σ(𝜔) which is given by the solution of Eq. (6): 

 (Fc − σ)2 − 1 = �Fc2 − 1�e−σFc                                                               (6) 
The parameter σ in the complex Morlet wavelet allows trade between time and frequency resolutions. As a 
result, one can obtain the optimum resolution by changing the value of σ continuously. 

 
Synchrosqueezing Wavelet Transform 
 
Practical time-varying vibration signal usually includes several components, and each component has its own 
local feature. A typical time varying signal can be expressed as the sum of N intrinsic mode functions and a 
residual (Huang et al. 1998, 1999), 

 x(t) = ∑ xi(t)N
i=1 + r(t)                                                                     (7) 

in which, each IMF 𝑥𝑖(𝑡) = 𝐴𝑖(𝑡)cos�𝜙𝑖(𝑡)� is an oscillating function. 𝐴𝑖(𝑡) and 𝜙𝑖(𝑡) represent time-varying 
amplitude and phase angle respectively. The change in time of 𝐴𝑖(𝑡) and 𝜙′𝑖(𝑡) is much slower than the change 
of 𝑥(𝑡) itself, and 𝑟(𝑡) represents noise or observation error. All we need to do is extracting the amplitude factor 
𝐴𝑖(𝑡) and instantaneous frequency 𝜙′𝑖(𝑡) for each i by refining time frequency curves. 
Signals of Eq. (7) arise naturally in the area of civil engineering. After performing CWT of a vibration signal, 
several different algorithms (Hou et al. 2006; Kijewski and Kareem 2003). can be employed to support wavelet 
ridge extraction. Nevertheless, a meaningful research (Daubechies and Maes 1996) indicates that wavelet 
coefficients itself is an oscillating function of time even for the simplest harmonic wave function. If the mother 
wave function 𝜓  has fast decay, its Fourier transform 𝜓�(𝜉)  is approximately equal to zero in the negative 
frequencies: 𝜓�(𝜉) = 0, for 𝜉 < 0, and is concentrated around 𝑎 = 𝜔0 𝜔⁄ . Take 𝑥(𝑡) = 𝐴cos(𝜔𝑡) for example, 
we can rewrite 𝑊𝑥(𝑎, 𝑏) by Plancherel’s theorem, as  

Wx(a, b) =
1

2π
� x� (ξ)√aψ�(aξ)��������eibξdξ =

A
4π

�[δ(ξ − ω) + δ(ξ + ω)]√aψ�(aξ)��������eibξdξ 

     = A
4π √aψ�(aω)���������eibω                                                                (8) 

in which, 𝑥�(𝜉) is the Fourier transform of signal x(t), 𝜓�(𝜉) = 1
√2π

∫ 𝜓(𝑡)∞
−∞ 𝑒−𝑖𝜉𝑡𝑑𝑡  represents 𝜓 in frequency 

domain. Debechies and Maes indicates that although 𝑊𝑥(𝑎, 𝑏) is spread out in a, its oscillatory behavior in b 
points to the original frequency 𝜔,  no matter what the value of a would be (Daubechies and Maes 1996). 
Consequently, the instantaneous frequency is suggested to be preliminarily estimated by taking derivatives of 
wavelet coefficients. The formula of computation is shown as 

ωx(a, b) = �
−i ∂bWx(a,b)
Wx(a,b)

  |Wx(a, b)| > 0

∞   |Wx(a, b)| = 0
�                                                  (9) 

In the synchrosqueezing step, the energy from time-scale plane is transferred to the time-frequency plane, 
according to a map between (𝑎, 𝑏) and (𝜔𝑥(𝑎, 𝑏), 𝑏). the frequency variable 𝜔 and scale factor a were “binned”, 
namely discretized, i.e. 𝑊𝑥(𝑎, 𝑏) was computed only at discrete points ai,, with 𝑎𝑖 − 𝑎𝑖−1 = (Δ𝑎)𝑖 , and its 
synchrosqueezing value was likewise determined merely at the centers 𝜔𝑙 of successive bins [𝜔𝑙 −

1
2
∆𝜔,𝜔𝑙 +

1
2
∆𝜔], with 𝜔𝑙 − 𝜔𝑙−1 = ∆𝜔. Therefore, the synchrosqueezing wavelet transform of x(t) is expressed as 

 𝑇𝑥(𝜔𝑙 , 𝑏) = ∑ 𝑊𝑥(𝑎, 𝑏)𝑎𝑖−3 2⁄
𝑎𝑖:|𝜔𝑥(𝑎,𝑏)−𝜔𝑙|≤Δω 2⁄ (Δ𝑎)𝑖                           (10) 

If frequency 𝜔 and scale a are treated as continuous variables, the analog of the Eq. (10) is  
𝑇𝑥(𝜔, 𝑏) = ∫ Wx(𝑎, 𝑏)𝑎−3 2⁄ 𝛿(𝜔(𝑎, 𝑏) − 𝜔)𝐴(𝑏) d𝑎                               (11) 

In practice, Thakur et al. (2013) noted that the discrete wavelet transform samples the CWT coefficient 𝑊𝑥(𝑎, 𝑏) 
at the locations (𝑎𝑖 , 𝑏), where 𝑎𝑖 = 2𝑖/𝑛𝑣 , 𝑖 = 1, … , 𝐿𝑛𝑣 , L is a nonnegative integer and controls the interest 
largest scale value, the number of voices 𝑛𝑣 is a user-defined parameter that controls the number of scales and 
its value was recommended as 32 (Thakur et al. 2013). Then, the discrete wavelet transform coefficient is given 
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with respect to 𝑛𝑎 = 𝐿𝑛𝑣 log-scale samples of the scale a, and this leads to some considerations on estimating Tx. 
First, due to the lower resolutions in the lower frequencies (larger scales), the frequency domain is divided into 
na components on a log scale. Second, the transform 𝑎(𝑖) = 2𝑖/𝑛𝑣, d𝑎(𝑖) = 𝑎 log (2)

𝑛𝑣
d𝑖, leads to the modification 

integrand 𝑊𝑥(𝑎, 𝑏)𝑎−1/2 log (2)
𝑛𝑣

d𝑖 in Eq. (11). Since 𝛥𝑎𝑖 = 1, the discrete synchrosqueezing wavelet transform 
𝑇𝑥(𝜔𝑙 , 𝑏) of Eq.(10) can be further calculated as: 

𝑇𝑥(𝜔𝑙 , 𝑏) = ∑ 𝑊𝑥(𝑎𝑖 , 𝑏)𝑎𝑖−1 2⁄
𝑎𝑖:𝜔𝑥(𝑎,𝑏)∈ [𝜔𝑙−

1
2∆𝜔,   𝜔𝑙+

1
2∆𝜔]

log (2)
𝑛𝑣

                        (12) 

in which, 𝜔𝑙 = 2𝑙∆𝜔 1
𝑛∆𝑡

 (𝑙 = 0, 1, 2, … ,𝑛𝑎 − 1) for a signal 𝑥(𝑡) is discretized over an interval of length 𝑛∆𝑡.  
∆𝑡  is the discretization period, 𝑛  is total number of discretization points and its log2 value should be a 
nonnegative integer, and ∆𝜔 = 1

𝑛𝑎−1
log2 �

𝑛
2
�. 

Signals with the expression of Eq. (7) composed with several intrinsic mode functions will have a frequency 
image |𝑇𝑥(𝜔𝑙 , 𝑏)| composed of several curves in the time-frequency plane. The instantaneous frequency curve 
can be extracted by maximizing a functional of the energy of the curve. 
Unlike most TFR methods, synchrosqueezing wavelet transform allows individual reconstruction of component 
signals. In other words, synchrosqueezing wavelet transform is invertible. The following argument indicates that 
the original signal can still be reconstructed after synchrosqueezing wavelet transform is performed. One has 

� 𝑊𝑥(𝑎, 𝑏)𝑎−3 2⁄
∞

0
 𝑑𝑎 =

1
2π

� � 𝑥�(𝜉)𝜓�(𝑎𝜉)��������𝑒𝑖𝑏𝜉𝑎−1𝑑𝑎𝑑𝜉
∞

0

∞

−∞

=
1

2π
� � 𝑥�(𝜉)𝜓�(𝑎𝜉)��������𝑒𝑖𝑏𝜉𝑎−1𝑑𝑎𝑑𝜉

∞

0

∞

0

 

= ∫ 𝜓�(𝜁)������∞
0

𝑑𝜁
𝜁
∙ 1
2𝜋 ∫ 𝑥�(𝜉)𝑒𝑖𝑏𝜉𝑑𝜉∞

0                                                                                    (13) 
where 𝜓�(𝜁) represents the Fourier transform of mother wavelet function 𝜓(𝑡), 𝜓�(𝑎𝜉) is the complex conjugate 
of  𝜓(𝑎𝜉). By defining a normalizing constant 𝐶𝜓 = 1

2 ∫ 𝜓�(ζ)������∞
0

𝑑ζ
ζ

, the original signal can be estimated as 

     𝑥(𝑏) = ℜ𝔢�𝐶𝜓−1�∫ 𝑊𝑥(𝑎, 𝑏)𝑎−3 2⁄ 𝑑𝑎∞
0 ��                                           (14) 

where ℜ𝔢[] returns the real part of the objective function. In the piecewise constant approximation 
corresponding to the binning in a, Eq. (14) becomes 

𝑥(𝑏) ≈ ℜ𝔢�𝐶𝜓−1 ∑ 𝑊𝑥(𝑎, 𝑏)𝑖 𝑎𝑖−3 2⁄ (Δ𝑎)𝑖� = ℜ𝔢�𝐶𝜓−1 ∑ 𝑇𝑥(𝜔𝑙 , 𝑏)(Δ𝜔)𝑙 �            (15) 
Since a wide range of practical response signals accord with the assumptions given by synchrosqueezing 
algorithm, each component of analyzed signal can be estimated successfully, provided a sufficiently fine 
division of frequency bins {𝜔𝑙}.  
 
MFDI 
 
Since structural damage causes the changes of modal parameters, therefore, the structural modal parameters 
such as frequency and modal shape or their combinations can be used for structural damage detection. As one of 
candidate damage indices, structural modal flexibility is commonly used for structural damage detection 
(Pandey and Biswas 1994). The modal flexibility and its increment can be defined as: 

𝑭 = 𝜱𝛀−𝟏𝜱𝑻 = ∑ 𝝓𝑖  𝝓𝑖 
𝑇

𝜔𝑖 2
𝑛
𝑖=1                                                      (16a) 

     𝚫 = 𝑭𝒊 − 𝑭𝒅                                                                    (16b) 
in which, 𝜱 = [𝝓1  𝝓2 …  𝝓𝑁  ] is the mode shape matrix, the subscript i represents the ith order mode. 𝜔𝑖  is the 
ith order modal frequency and 𝛀 = diag(𝜔𝑖 

2). n is the numbers of degree of freedom (DOF). 𝑭𝒊 and 𝑭𝒅 are the 
modal flexibility matrices for the intact and the damaged cases, respectively. 𝚫 reflects the changes of flexibility 
matrix, which can be used to detect structural damage. Unlike stiffness matrix, flexibility matrix converges 
rapidly with the increase of modal frequency. Therefore, only a few low order modes suffice to make a good 
estimation of the flexibility matrix. The modal frequencies and mode shapes can be obtained with no effort from 
experiment dada or numerical simulation response, so it is convenient and feasible to use modal flexibility as 
damage index. 
As mentioned in the previous section, synchrosqueezing wavelet transform is capable of identifying 
instantaneous frequency 𝜔(𝑡) by refining time-frequency curves. Since synchrosqueezing wavelet transform is 
invertible, therefore, each individual IMF can be reconstructed and the instantaneous modal shapes 𝜙𝑙𝑖 (𝑡) can 
be obtained. 
Set displacement responses (similarly, other measured responses such as acceleration and velocity also can be 
used) of two nodes (s and l) are known, termed as xs(t) and xl(t). They can be simply expressed in the modal 
coordinates:  
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�𝑥𝑠 (𝑡) = 𝜙𝑠1𝑞1 + 𝜙𝑠2𝑞2 + 𝜙𝑠3𝑞3 + ⋯+ 𝜙𝑠𝑁𝑞𝑁
𝑥𝑙 (𝑡) = 𝜙𝑙1𝑞1 + 𝜙𝑙2𝑞2 + 𝜙𝑙3𝑞3 + ⋯+ 𝜙𝑙𝑁𝑞𝑁

�                                   (17) 

in which, [𝜙𝑠1  𝜙𝑠2  𝜙𝑠3 …  𝜙𝑠𝑁 ]  and [𝜙𝑙1  𝜙𝑙2  𝜙𝑙3 …  𝜙𝑙𝑁 ]  are the mode shape vectors, [𝑞1  𝑞2 …  𝑞𝑁 ]  is the 
modal coordinate vector, and N represents the number of DOF of the structure. Each IMF 𝜙𝑠𝑖𝑞𝑖 or 𝜙𝑙𝑖𝑞𝑖 from 
the measured responses can be reconstructed by the proposed syncrhrosqueezing wavelet transform. The 
analytic signal of each IMF can be defined as a complex function which has itself as real part and its Hilbert 
transform as imaginary part: 

⎩
⎪
⎨

⎪
⎧𝑍𝑠1 (𝑡) = 𝜙𝑠1𝑞1 + H[𝜙𝑠1𝑞1] = 𝜙𝑠1(𝑡)𝐴𝑞1(𝑡)𝑒−𝑗𝜃𝑞1(𝑡)

 𝑍𝑠2 (𝑡) = 𝜙𝑠2𝑞2 + H[𝜙𝑠2𝑞2] = 𝜙𝑠2(𝑡)𝐴𝑞2(𝑡)𝑒−𝑗𝜃𝑞2(𝑡)

𝑍𝑙1 (𝑡) = 𝜙𝑙1𝑞1 + H[𝜙𝑙1𝑞1] = 𝜙𝑙1(𝑡)𝐴𝑞1(𝑡)𝑒−𝑗𝜃𝑞1(𝑡)

 𝑍𝑙2 (𝑡) = 𝜙𝑙2𝑞2 + H[𝜙𝑙2𝑞2] = 𝜙𝑙2(𝑡)𝐴𝑞2(𝑡)𝑒−𝑗𝜃𝑞2(𝑡)

⋮

�                             (18) 

where H[] denotes the Hilbert transform. With the node s as a reference point (usually the position where the 
maximum response happens), the 1st order normalized modal shape in node l is defined as 

𝜙𝑙1(𝑡) = 𝜙𝑙1(𝑡)
𝜙𝑠1(𝑡)

= 𝜙𝑙1(𝑡)𝐴𝑞1(𝑡)𝑒−𝑗𝜃𝑞1(𝑡)

𝜙𝑠1(𝑡)𝐴𝑞1(𝑡)𝑒−𝑗𝜃𝑞1(𝑡) = |𝑍𝑙1 (𝑡)|
|𝑍𝑠1 (𝑡)|

                                    (19) 

Other higher order modal shape can be expressed in a similar way. 
Once the instantaneous frequencies and modal shapes are obtained, the time-varying modal flexibility can be 
expressed as 

𝐹𝑙(𝑡) = ∑ 𝜙𝑙𝑖 (𝑡)2

𝜔𝑖(𝑡)2
𝑁
𝑖=1 ;        𝑖 = 1,2, … ,𝑁                                            (20) 

where 𝐹𝑙  represents the nodal displacements due to a unit force at the lth DOF,  𝜔𝑖(𝑡) is the instantaneous 
frequency of the ith order mode, 𝜙𝑙𝑖 (𝑡) is the ith order instantaneous modal shape, N represents the number of 
modal order or DOF. To indicate the degree of damage ranging from 0 (intact) to 1 (collapse), a new 
instantaneous MFDI is defined as 

MFDI𝑙 (𝑡) = 1 − 𝐹𝑙(𝑡)
𝐹𝑙
𝑑(𝑡)

= 1 −
∑ �

𝜙𝑙𝑖(𝑡)
𝜔𝑖(𝑡) �

2
𝑁
𝑖=1

∑ �
𝜙𝑙𝑖
𝑑(𝑡)

𝜔𝑖
𝑑(𝑡)

�
2

𝑁
𝑖=1

                                            (21) 

where superscript d denotes the damage state.  
 
NUMERICAL SIMULATIONS 
 

A Classical Duffing System  
 
Classical Duffing equation is usually employed to simulate nonlinear motion of mass-spring-damper systems. A 
Duffing equation in this example is given as (Feldman 2011). 

�̈� + 0.05�̇� + 𝑘1𝑥 + 𝑘2𝑥3 = 0                                                            (22) 
where linear stiffness k1 and cubic stiffness k2 are 1 and 0.01 respectively. The motion begins with 𝑥0 =
10，�̇� = 0, and its response is simulated using 4th Runge-Kutta method with time interval of 0.1 seconds.  
Complex Morlet wavelet is chose to conduct CWT, leading to scalogram as Figure 1(a). Synchrosqueezing 
wavelet transform is then performed to extract instantaneous frequency curves according to CWT of response 
signals. The identified instantaneous frequency is presented in Figure 1(b). 
 

          
 

                       (a) Morlet wavelet transform                             (b) Synchrosqueezing wavelet transform 
Figure 1. Time-frequency spectrum of Duffing system 

 
It can be clearly seen from Figure 1 that the instantaneous frequency decreases rapidly at the beginning and 
gradually approaches an asymptotic value (0.16Hz) of the corresponding linear system. This phenomenon also 
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means that cubic stiffness is dominant in large amplitude and then linear behavior stand out, with nonlinear 
effect gradually becoming unimportant. Comparing Figure 1(a) with 1(b), it is conclude that the 
synchrosqueezing wavelet transform improve the quality of time-frequency curves than wavelet transform.  
To further verify the efficiency and accuracy of the proposed MFDI index for damage detection, the above 
classical Duffing system with free vibration is considered again. To simulate damage, k1 is set to suddenly 
reduced from 1 to 0.6 at time t=20s. The responses are also solved using the 4th Runge-Kutta method with time 
interval of 0.1 seconds. Figure 2 shows displacement responses of the damaged and intact system. 

 
    

  (a) Damaged                                         (b) Intact 
Figure 2. Comparison of displacement responses of two Duffing systems 

 
The time-varying MFDI is calculated according to Eq. (21) and the result is presented in Figure 3. Herein only 
the 1st order modal parameters are considered. For a single DOF system such as Duffing system, the modal 
shape equal 1 all the time. It can be seen from Figure 3, the MFDI is affected most by the damage. Around time 
t=20s, the value of MFDI has a sudden increase from zero to 0.3, which means damage occurred. 

 
 

Figure 3. MFDI of Duffing system with sudden stiffness reduction 
 
To further verify the efficiency of the proposed MFDI index for damage traction, k1 is set to linearly reduce from 
1 to 0.6 over a period from t=20s to t=30s ( 𝑘1 = 1 − 0.02 × (𝑡 − 20). The obtained MFDI is plotted in Figure 
4. One can see from Figure 4 that the value of MFDI increases with the increase in the amount of damage. So it 
is concluded that MFDI can accurately track the evolution of damage. It can be seen from Figure 4, the 
calculated MFDI fluctuates along time. This phenomenon can be interpreted as that the oscillation character of 
instantaneous frequency obtained using the synchrosqueezing wavelet transform. 

 
 

Figure 4. MFDI of Duffing system with linear stiffness reduction 
 
A Simply Supported Beam 
 
To verify the proposed method is suitable for the continuous system with distributed mass. A simply supported 
beam with dimensions: width of cross section b=0.2m, height of cross section h=0.2m, and length of the beam 
L=5m is simulated. The material parameters are: the modulus of elasticity E=210Gpa and the mass density 
𝜌=7800 kg/m3. The finite element modal of this beam consists of 20 equal length two-dimensional elements. 
Number of Node and element are marked in Figure 5.  
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For the first case, the stiffness reduction is simulated by reducing Young’s modulus at a particular element 
location. Set the stiffness of element 5 and element 6 reduce 40% suddenly at time t=4s. The simply supported 
beam is subjected to 1940 El Centro ground motion record and free vibration, respectively. The direct integral 
calculus method of Newmark is used to simulate the displacement, velocity and acceleration response of each 
node, with time interval of 0.02s. Synchrosqueezing wavelet transform is conducted on displacement responses 
to extract instantaneous frequencies and the identified results are presented in Figure 6. It can be seen from 
Figure 6(a) that the identified frequency changes suddenly at t=4s due to the sudden stiffness reduction. This 
phenomenon is also reflected in Figure 6(b).  
 

1 2 3 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 204

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 201 21
 

Figure 5. Finite element model of simply supported beam 
 

           
 

(a) Free vibration                                (b) EI Centro earthquake excitation 
Figure 6. Identified instantaneous frequency using synchrosqueezing wavelet transform  

 
To further verify the proposed method is capable of tracking damage evolution of the continuous system, a 
simply supported mentioned above with 4 damage scenarios is considered. Four damage scenarios are described 
in Table 1. These four damage scenarios are cases with a single damage location (DS1-DS4), while the damage 
case with two damage locations will be discussed later. The damage is simulated by reducing Young’s modulus 
at a particular element location. In DS1 and DS2, the free vibration of the simply supported beam is considered, 
while the simply supported beam is subjected to 1940 El Centro earthquake excitation in cases DS3 and DS4. 
Again, the Newmark integral calculus method is introduced to simulate the displacement, velocity and 
acceleration responses with time interval of 0.02s. The earthquake responses for case DS3 is plotted in Figure 7. 
 

Table 1. Four damage scenarios 
Damage 
scenario 

Damage 
location Stiffness reduction Excitation 

DS1 Element 5 and 
6 reduce suddenly 40% at time t=4s Free vibration 

DS2 Element 5 and 
6 

reduces linearly 40% over period of t=4s and 
t=8s Free vibration 

DS3 Element 5 and 
6 reduce suddenly 40% at time t=4s Earthquake ground 

motion 

DS4 Element 5 and 
6 

reduces linearly 40% over period of t=4s and 
t=8s 

Earthquake ground 
motion 

 

 
       

(a) midspan                                                         (b) 1/4 span 
Figure 7. Displacement response of simply supported beam 
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The MFDI for four damage scenarios is shown in Figure 8. As a continuous system with distributed mass, the 
dynamic behavior of simply supported beam is more complex than both single mass point and multiple mass 
points model. However, it can be clear seen from Figure 8 that the proposed damage index can effectively 
detects the occurrence of damages, whether the stiffness reduces suddenly or linearly. The sudden increase of 
MFDI at time point t=4s in Figure 8(a) and 8(c) is linked to the sudden 40% stiffness reduction at the same time 
point. Accordingly, the linear reduction of stiffness over a period of t=4s and t=8s results in the advent of the 
phenomena that MFDI increases linearly in the same time period. Comparing Figure 8(a) and 8(c) with Figure 
8(b) and 8(d), it is found that earthquake excitation imposes influence on damage detection. Among El Centro 
ground motion excitation and free vibration, the latter results in a better damage detection. Overall, the proposed 
method can effectively track the time-varying damage of the simply support beam. 

    
 

     
 

 
Figure 8. Damage identification results for different damage scenarios: (a) DS1, (b) DS2, (c) DS3, (d) DS4 

 
To further verify the proposed method is capable of tracking multiple damage evolution of the continuous 
system, the above simply supported beam with two damage locations is considered. Stiffness of element 5 and 6 
reduces linearly 40% over period of t=4s and t=8s, while 40% stiffness reduction is imposed on element 15 and 
16 at time point 10 s. the MDFI of two locations is calculated only using the displacement time history data at 
node 6 and node 11. The variation of MDFI over time is presented in Figure 9. As one can be seen from Figure 
9, the variation of MDFI reflects the reduction of stiffness. Linear stiffness reduction of element 5 and 6 
between t=4s and t=8s and sudden stiffness reduction of element 15 and 16 at t=10s are basically reflected in 
Figure 9(a) and Figure 9(b), respectively. Therefore, it is capable to use MFDI for detecting the damage 
evolution of simply supported beam with two or multiple damage locations. 

     
 

(a) MFDI at Node 6                                    (b) MFDI at Node 16 
Figure 9. Damage identification results of the simply supported beam with two damage locations 
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CONCLUSION 
 
In this paper, synchrosqueezing wavelet transform is introduced to extract instantaneous frequencies and 
reconstruct IMFs from the measured responses of structures with time-varying damage. Then the instantaneous 
modal shapes are further identified from the reconstructed IMFs. Based on the instantaneous frequencies and 
modal shapes, the MFDI is defined as damage index for the time varying damage detection. A Duffing nonlinear 
system and a simply supported beam with free and forced vibrations are simulated as numerical examples. 
Based on the numerical results, the following conclusions can be drawn: 
(1) The instantaneous frequency can be directly extracted for Duffing nonlinear systems or beams subjected 

impulsive loads or earthquake loads by using the proposed synchrosqueezing wavelet transform. Then the 
instantaneous modal shapes can be estimated from the reconstructed IMFs. 

(2) The defined MFDI, combined with the identified instantaneous frequencies and modal shapes, can be 
effectively detect abrupt or linear time-varying single damage for Duffing nonlinear systems or beam 
structures. 

(3) From the simulation of the simply support beam, the defined MFDI can also be effectively detect multiple 
damages in beams subjected earthquake excitations.  
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