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ABSTRACT 
 
The ultrasonic longitudinal guided wave in oblique cracked rails were investigated using finite element software 
LS-DYNA 3D in this paper. Based on the improved Duffing chaotic oscillator with substitution of (-x3+x5) for 
(-x+x3) of the non-linear restoring force item, a novel inspection method was proposed. Four kinds of cracks 
with inclined angle of 15°, 30°, 45°and 90° were analyzed, respectively. Numerical results show that the 
proposed method could be used to inspect weaker guided waves, and the amplitude of echo increases with the 
decrease of the inclined angle. The improved Duffing chaotic oscillator has the critical sensitivity to periodic 
signal and the immunity to the strong noise. The results are worthy of engineering application in both extending 
guided waves detection range and increasing the sensitivity of detecting micro oblique crack. 
 
KEYWORDS 
 
Ultrasonic longitudinal guided wave, oblique cracked rail, numerical simulation, Duffing chaotic oscillator. 
 
INTRODUCTION  
 
For preventing personal and economical losses in industries, the defect detection for rails at the early stages is 
essential issue. Ultrasonic guided waves have become an interesting topic for long-range inspections of 
structures because of their ability for long-range propagation and their intrinsic character of low energy 
dissipation (Rose 2004; Raghavan 2007; Staszewski 2007). Some applications of guided waves in a rail are 
discussed. (Rose 2002,;Cawley 2003; Hayashi 2003). 
 
In the defect detection of rails, some useful defect waves are very weak because the signal to noise ratio (SNR) 
is very low. Recently, chaos has potential application outlook in weak signal detection, because its properties are 
sensitive to certain signal but immune to noise. The Duffing oscillator is a better tool which is based on the 
useful signal for detecting the weak signal in presence of external vibrations (Wang et al. 1999; Wang et al. 
2003;Wei et al.2008;Patel et al.2012). Wei et al. (2008) have developed a detecting method based on the 
transformation of the chaotic oscillator from the chaotic state to the large-scale periodic state. They have 
concluded that their proposed method could be well used in weak periodic signal detection. Wang G et al. (1999) 
found that a small perturbation of the system parameters may lead to the qualitative change of the system state 
when the system is in the critical state. Patel et al. (2012) used the Duffing oscillator to deal with detection of 
local defects existing on races of deep groove ball bearing in the presence of external vibrations. Their result 
shows that for speedy assessment about the existence of defects in rolling element bearings, the use of Duffing 
oscillator may be preferred. 
 
It is noticed that no comprehensive studies on rails detections have been carried out by the researchers using 
Duffing oscillator based on ultrasonic guided wave. Therefore, a practical method for weak defect echo signal of 
ultrasonic guided wave from numerical detection based on Duffing oscillator is presented in this paper. The 
corresponding numerical simulation was carried out by using FE coder LS-DYNA V971. An application of rails 
is provided to illustrate the effectiveness of the proposed technique in signal processing. 
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METHOD OF SOLUTION 
 

FE model 
 
The rail model was built by Hypermesh 10.0(Altair.Com) and analyzed by LS-DYNA (version ls-971). A 
2m-long steel rail was modeled, as shown in Figure  1. This length successfully isolated the defect reflection 
from the far end reflection. The selected model with 45° defect had 1988322 elements and 2131129 nodes. The 
size of the elements used was 2mm in the longitudinal direction-z, and between 1 and 2 mm in the cross section 
directions, x and y. The integration time step was set at 0.25 ms . The rail was modeled by the solid elements 
and was represented by material model 3.1 of LS-DYNA (*MAT_ PLASTIC_KINEMATIC). The following 
material properties were used: ρ =7850 3Kg m−⋅ , Young’s modulus E=200 GPa  ，Poisson's ratioν =0.33. 
 
The displacements imposed to the 2129 nodes in which the presence of the transducer is considered, are 
obtained by an excitation signal ( )s t . In detail, the signal ( )s t  is a sinusoid characterized by a frequency cf
and is modulated by a Hanning window. The mathematical expression of ( )s t is given by: 

 ( ) 621( ) 1 cos sin 2 *10
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The pulse time-signal input is shown in Figure  2. The wave is a 10-cycle signal at 70 kHz and generated in the 
left of rails. Four oblique cracks were studied numerically, herein indicated by the angle of the rail section that 
was cut in the rail head with width of 2mm and length of 32mm, depth of 10mm i.e. 15° defect, 30° defect, 45° 
defect and 90° defect, as shown in Figure  3.   
 
The displacements of the node at the top of the rail located at L1 from the defect were monitored in the three 
Cartesian directions. A time signal for the axial displacement is shown in Figure  4. As shown in Figure  4, the 
generated waves propagate in the rail until they are reflected by a defect or the end of rail.  
 

               
Figure  1.Finite element mesh employed for the rail   Figure  2.Time impulse wave-form: 10 cycles at 

                                     70kHz 
 

           
(a)             (b)                 (c)                     (d) 

Figure 3. Oblique cracks: (a)15° defect (b)30° defect (c) 45° defect (d) 90° defect 
 



 

  
Figure 4. Simulated record of the time signal of rail 

with 90°defect 
Figure 5. Amplitude of the reflected signal from defect 

as a function of the defect angle of the rail 
 
Duffing Oscillator 
 
If the signal consists of the noise and the weak signal, the resulting echoes could not be exploited to evaluate the 
position of defect, as shown in Figure 6. The basic idea of the signal detection scheme based on chaotic 
oscillator is that a small periodic signal in noise can be detected by duffing oscillator via a transition from 
chaotic motion to periodic motion as a classic nonlinear system (Wang et al. 2003). The normal form of the 
duffing equation is shown as: 

 3- cos( )x kx x x F tω+ + =                               (2) 

where k  is the ratio of damping, cos( )F tω  is the periodic driving force and ( 3x x− + ) is the nonlinear 
restoring force. Solution of the Duffing equation is dependent upon the parameters of k ,ω  and F .If adding 
the input signal ( )S t , the equation is given by: 

 3- cos( ) ( )x kx x x F t S tω+ + = +                            (3) 
In this paper, an improved Duffing chaotic oscillator was proposed, the equation is given by: 

 3 5- cos( ) ( )x kx x x F t S tω+ + = +                          (4) 

Assuming /v dx dt x= =  , the Eq. 4 is rewritten as: 
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The fourth-order Runge-Kutta algorithm was used to solve the doffing Eq. 5. The frequency of F must be equal 
to the frequency of guide wave, and the step was set to 0.01 sµ  for the high accuracy. Therefore, The 
frequency of F was set by: 

70 0.07(1 )kHz sµ=  
2 0.07 0.439823rad s rad sω π µ µ= ≈  

The end time of solution is 2.5 ms , and the initial values were set as 0x = , 0x = .With reference to Melnikov 
function, bifurcation threshold ( )R ω r was obtained in the following: 

 
4cosh( 2)( )

3 2
F R
k

πωω
πω

= =                               (6) 

From Eq. 6, chaotic motion may appear when / ( )F k R ω> . When keeping ω  constant, the sensitivity of the 
parameter F to chaos system relates to the damp ratio k . In this paper, k  was defaulted to a value equivalent 
to 0.5. The chaos system varies from different state with the increase of F , as shown in Figure 7. The chaos 
system state varies from fixed point (Figure 7a) to small periodic motion (Figure 7b), to chaos motion (Figure 
7c), to great periodic motion (Figure 7d), and to the strange attractor(Figure 7e), respectively. A critical value, 
which means that the chaos system is on the verge of the periodic motion changing to attractor, was defined as

0.5k = , 0.439823ω = , 0.429F =  in this paper. 
 



 

 
Figure 6. Simulated record of the time signal with noise of rail with 90°defect（σ =0.00002） 

 

  
(a) 0F =                          (b) 0.200F =  

  
(c) 0.260F =                        (d) 0.429F =  

 
(e) 0.668F =  

Figure 7.The phase map evolution when driving force gradually increases from 0 
 
RESULTS AND DISCUSSIONS 
 

Effect of the oblique crack 
 
The amplitude of the reflected signal from defect as a function of the defect angle of the rail is shown in Figure 
5. The results show that the amplitude of the reflected signal from defect decreases with the increase of the 
angle of defect. The results illustrate that ultrasonic longitudinal guided wave is not sensitive to the longitudinal 
defects in rails. 
 
  



 

Duffing Oscillator Used in Signal Contained Noise Detection 
 
When the input signal is only contained Gaussian noise, ( )S t is given by: 

( ) ( )S t e tσ=   (7) 
whereσ is noise variance and ( )e t is Gaussian noise.  Then the solutions of Eq.5 were shown in Figure s 8 and 
9. Although the phase trace became rough, the system states were also in great periodic motion. The results 
show that the orbits could keep the state of the motion steadily suffered from the influence of the noise. So it 
could be concluded that the chaos system is immune to noise under suitable noise level. 
 

  
Figure 8. Noise signal with σ =0.00001 and the 

phase trace depending on the noise signal 
Figure 9. Noise signal with σ =0.7 and the phase 

trace depending on the noise signal 
 
When the simulated signal of guide wave is contained Gaussian noise, ( )S t is given by: 

 ( ) ( ) ( )S t s t e tσ= +                                  (8) 
where ( )s t is the simulated record, σ is noise variance, and ( )e t is Gaussian noise. For solutions of Eq.5, 

( )S t  must be normalization. The normalized linear mathematic model is given by: 

 min max min( ) { ( ) ( ) } /{ ( ) ( ) }S t S t S t S t S t′ = − −                     (9) 

where min( )S t is the minimum value of ( )S t , and max( )S t  is the maximum value of ( )S t . The simulated record 
of the reflection of defect signal with noise of rail with 90° defect was shown in Figure 10. The phase trace 
depending on the reflection of defect signal with noise of rail with 90° defect was shown in Figure 11. The 
simulated record of the reflection of defect signal with noise of the rail with 90° defect was shown in Figure 12. 
The phase trace depending on the reflection of defect signal with noise of the rail with 90°defect was shown in 
Figure 13. It is clear from Figure 11 that the system state changes to chaos attractor from great periodic motion; 
this indicates that the improved Duffing chaotic oscillator has the critical sensitivity to periodic signal. As shown 
in Figure 13, although the phases trace becomes rough, the system states were also change to chaos attractor 
from great periodic motion; which indicates that the improved Duffing chaotic oscillator has the immunity to the 
strong noise. 
 

  
Figure 10. Simulated record of the reflection of defect 

signal with noise of rail with 90° defect 
Figure 11.Phase trace depending on the reflection of 

defect signal with noise of rail with 90° defect 
 

                 
    

    



 

  
Figure 12. The simulated record of the reflection of 
defect signal with noise of rail with 90° defect noise 

signal with σ =0.7 

Figure 13. Phase trace depending on the reflection of 
defect signal with noise of rail with 90° defect 

 (σ =0.7) 
 
CONCLUSIONS 
 
In this paper, the ultrasonic longitudinal guided waves in oblique cracked rails were investigated using finite 
element software LS-DYNA 3D. Based on the improved Duffing chaotic oscillator with substitution of (-x3+x5) 
for (-x+x3) of the non-linear restoring force item, a novel inspection method was proposed. Four kinds of defects 
with inclined angle of 15°, 30°, 45°and 90° were analyzed, respectively. Numerical results show that the 
proposed method could be used to inspect weaker guided waves, and the amplitude of echo increases with the 
decrease of the inclined angle. The ultrasonic longitudinal guided wave is not sensitive to the longitudinal 
defects in rails. Moreover, that signal detection system based on improved Duffing chaotic oscillator has the 
critical sensitivity to periodic signal and the immunity to the strong noise, which can be used in weak signal 
detection area. The results are worthy of engineering application in both extending guided waves detection 
range and increasing the sensitivity of detecting micro oblique crack. 
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