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ABSTRACT 
 
The direct application of the Kalman filter algorithm to state estimation of civil structures presents a 
computational challenge due to their great dimension and complexity. Rewriting the second-order dynamic 
equation using modal coordinates is an option to solve this problem, because the high modes that often have 
minimal and negligible contributions to structural responses can be truncated. However, the determination of the 
remained mode number is of paramount importance to accurately estimate the state. This paper investigates the 
mode selection method in Kalman filtering for possibly best reconstructing structural responses. A signal-to-
noise ratio (SNR) is defined as the root square of variance of estimated modal coordinate vector to the 
corresponding estimation error covariance. The modes with higher SNR values than a predefined threshold are 
selected. A cantilever beam is numerically investigated. The numerical results demonstrate the proposed method 
is effective and flexible in mode selection for accurate response reconstruction. 
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INTRODUCTION  
 
Structural health monitoring (SHM) is one of the cutting-edge technologies to assure the safety of structures 
during their long service lives (Mufti 2001; Xu and Xia 2012). To achieve these objectives via an efficient SHM 
system, an in-depth understanding of the behavior of the whole structure is required. However, owing to the 
economic cost associated with data acquisition and additional practical reasons (e.g., the inaccessibility of 
locations for sensor installment), measurements are usually obtained in only a few locations numbering less than 
the total degrees-of-freedom (DOFs) of the structure. To successfully monitor a structure, responses are often 
required at all of its critical areas, although situations may exist in which the desired locations are not accessible 
for measurements during its operation. Thus, response reconstruction at those key structural locations where 
sensors are not available is essential to achieving the SHM objectives.  
 
The Kalman filter is a popular tool that provides an unbiased and recursive algorithm to estimate optimally the 
unknown state vector of a linear dynamic system using an incomplete and noisy measurement set (Kalman 1960; 
Welch and Bishop 2001). Since civil structures always have large structural dimension and complexity, the 
direct application of the Kalman filter algorithm to civil structures presents a computational challenge. 
Rewriting the second-order dynamic equation using modal coordinates is an option to solve this problem, 
because the high modes that often have minimal and negligible contributions to structural responses can be 
truncated. However, the determination of the remained mode number is of paramount importance to accurately 
estimate the state.  
 
A class of structural response reconstruction approaches has been proposed by some researchers based on 
limited measurements in recent years (Kammer 1997; Dong et al. 2008; Law et al. 2011; Li and Law 2011; He 
et al. 2012). However, mode number should be firstly predefined in these methods to reconstruct the responses 
and none of them mentioned how to determine the number of modes. Actually, the contributions of individual 
modes to the overall dynamic behavior of a structure are quite different. Not all modes have equally significant 
functions in the response reconstruction of a structure, especially when only particular parts of the structural 
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response shall be reconstructed. Therefore, in the response reconstruction, more emphasis shall be placed on the 
critical mode shapes that best reconstruct the responses. 
 
This paper addresses an adaptive mode selection method in Kalman filter for possibly best reconstructing 
structural responses. A signal-to-noise ratio (SNR) is defined as the root square of variance of estimated modal 
coordinate vector to the corresponding estimation error covariance from Kalman filter algorithm. The modes 
with the higher SNR values than a predefined threshold are retained. A cantilever beam is numerically 
investigated. The change of the reconstruction error with the increase of mode number is firstly investigated. 
Then the effect of the amplitude of excitation on mode selection is subsequently studied. The numerical results 
demonstrate the proposed method is effective and flexible in mode selection for accurate response 
reconstruction.  
 
THEORY 
 
The mode selection method aims to determine the number of modes for possible best response reconstruction. 
The reconstruction of responses, are formulated using Kalman filter algorithm, in which the posteriori error 
covariance matrix is applied to calculate the SNR values of each of the modal coordinate vector. 
 
Kalman Filter Algorithm 
 
The Kalman filter is a recursive technique for giving unbiased estimation of the unknown state vector of a linear 
dynamic system from noisy measurements. The algorithm uses the following discrete state-space dynamic and 
measurement equations (Balageas et al. 2006) 
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where k represents a sample time; zk, yk and uk respectively denote the discrete-time state vector, the observation 
vector and the external excitation vector; A and B are the discrete-state matrix and input matrix respectively; C 
and D represent the output matrix and direct transmission matrix respectively; wk is the process noise resulting 
from disturbances and modeling inaccuracies; and vk is the measurement noise of the sensors. wk and vk are 
often assumed as zero-mean white noise with variance matrices equal to Q and R, respectively.  
 
The Kalman filter algorithm consists of the following two steps: time update and measurement update, resulting 
in five formulas (Welch and Bishop 2001) 
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Pk and Kk respectively denote the covariance matrix of the estimation error in state vector and the optimal 
Kalman gain at time step k. Given any initial conditions P0 and 0ẑ , the Kalman filter tends to converge with the 
iterations, and the asymptotic values of K and P can be achieved after several iterations. 
 
Response Reconstruction 
 
It is a computational challenge to directly apply the Kalman filter algorithm to civil structures due to their high 
DOFs. Therefore, the second-order dynamic equation of a structure can be expressed in modal coordinates by 
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where q is the vector of modal coordinates; Φ is the mass normalized displacement mode shapes; ζ denotes the 
modal damping coefficient matrix; and oω  represents the modal frequency matrix; and Bu is the location matrix 
of excitations. Then Equation (7) can be converted into Equation (1) in state-space form, and subsequently, the 
following is obtained  
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Measurements can be displacements, accelerations or strains. In the case of measuring strains, the corresponding 
output matrix and direct transmission matrix is expressed in the following form 

[ ]0ΦBC sd= , [ ]0D =      (11) 
where Bsd is the strain-displacement matrix representing the relationship between the node displacements and 
the strains of an element. 
 
The state vectors z consisting of modal coordinates are estimated by Kalman filtering algorithm using the 
measurements, which in turn are applied to reconstruct the strain responses at the other key structural locations 

uDzCy eee += ˆ      (12) 
in which Ce has the same format with the input matrix C but in different dimension of row. The superscripts ‘e’ 
indicates reconstruction. The number of row in matrix Ce represents the number of locations of interest where 
responses are to be reconstructed, while that in matrix C denotes the number of measurements. 
 
It is often neither practical nor necessary to consider all vibration modes in large-scale civil structures. The 
complete set of modes can be partitioned into a subsets of selected modes (typically lower modes with large 
contribution to responses) and truncated modes (typically higher modes with small contribution to responses), 
i.e. 
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where the subscripts ‘s’ and ‘t’ denote the selected and truncated modes respectively. Then Equation (12) can be 
rewritten as 
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The errors between the reconstructed and real responses can be calculated as 
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The covariance matrix of the reconstruction errors yields 
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Assuming that the nδ  is independent with tδ , and this yields 
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Apparently, the covariance Δ  of the reconstruction errors comprises two parts: nΔ caused by noise and tΔ  
induced by the truncated modes. As the number of modes increases, the errors caused by noise increase, 
whereas the errors caused by the truncated modes decreases. Moreover, the reconstruction errors are dominated 
by tΔ  when the number of modes is small, but they are dominated by nΔ  when the number of modes is 
increased to a certain level. This claim will be demonstrated in the numerical study section. Therefore, an 
optimal number of vibration modes must be selected to accurately reconstruct the responses. 
 
Mode Number Selection 
 
Given a measurement error covariance intensity matrix R and process noise covariance matrix Q, this paper 
now addresses the problem of how many modes are required to maintain a desired accuracy in the response 
reconstruction. 
 
Defining a SNR as root square of variance of each estimated modal coordinate vector divided by the 
corresponding estimation error variance, the ith ratio r can be written as 
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where 2σ is the vector consisting of diagonal elements of covariance matrix of the estimation error P in the 
Kalman filter, i.e. )(2 Pσ diag= ; 2

iσ  is the ith elements of the vector; iq̂  is the ith estimated modal coordinate 
vector from the state vector in Kalman filter. 
 
Larger value of ri indicates that the ith mode contributes more significantly to the response reconstruction of the 
structure, whereas a small value indicates insignificant construction or this mode even is overwhelmed by noise. 
Thus, the modes can be remained based on the condition that their signal-to-noise ratios are higher than a 
predefined value that exceeds the corresponding noise levels.  
 

F

 
Figure 1. FEM of the cantilever beam 

 
NUMERICAL INVESTIGATION 
 
A cantilever beam with a length of 2.0 m and a cross section of 50.8 mm × 50.8 mm is used in the numerical 
study. The beam is modeled as a two-dimensional Euler-Bernoulli beam. The finite element model (FEM) 
comprises 21 nodes and 20 equal-length elements (Figure 1). Ten strain gauges for measuring the strain 
responses are assumed to be arranged at the middle point of the upper surface of the elements with odd number. 
All the element strains except those at the element 19 and 20 are assumed to be reconstructed in this study. The 
first 10 vertical modes are considered as the mode candidates, with the first four frequencies of 2.25 Hz, 14.11 
Hz, 39.45 Hz, and 77.18 Hz. The measurement noise is assumed as a zero-mean stationary Gaussian noise.  The 
measurement noise at each location is uncorrelated and all of them have equal variance, which is 5.37 με. The 
process noise is also assumed to be of equal variance with the value of 1E-10.  
 
Optimal Mode Number 
 
To observe the change of reconstruction errors with the increase of mode number, the responses attained from 
the FEM under a random excitation applied vertically at the end of the cantilever beam is utilized as the real 
responses to calculate the Δ , nΔ  and tΔ . The excitation has a frequency range of 0.5-70 Hz and the maximum 
amplitude is 50 N. 
 

 
Figure 2. Variations of reconstruction errors with increasing number of modes 

 
The variations of reconstruction error variance with the increase of mode number are shown in Figure 2, with a 
zoomed-in portion showing the transition area near the mode number 4. The total reconstruction error variance 
is large at the beginning and is totally dominated by the reconstruction error variance due to the truncated 
modes t∆ . When the mode number is equal to 4, the total reconstruction error variance becomes small due to 
small errors caused by both noise and truncated modes. When the mode number is greater than 4, the total 
normalized reconstruction error variance ∆  becomes larger as the number of modes increases. The fact that ∆  



is approximately equal to the noise-induced error n∆ implies very small truncation error variance t∆ . The total 

normalized reconstruction error variance has a minimum value of ∆  when the mode number is 4. Therefore, the 
first four modes of vibration are sufficient to accurately reconstruct the responses. 
 
Effect of Excitation Amplitude 
 
Commonly, higher amplitude of excitation delivers more energy to the structure, causing the possibility of 
exciting high modes. In order to investigate the effect of excitation amplitude on the mode number selection, a 
random excitation, which has the maximum amplitude of 150 N, 100 N, 50 N and 20 N in the first four seconds, 
the forth to eighth seconds, the eighth to twelfth seconds and the last four seconds respectively, is applied 
vertically at the end of the beam. The time history of excitation is shown in Figure 3. 
 

 
Figure 3. Time history of vertical excitation 

 
The predefined criterion for selecting modes is set as 1.5. The modes with the SNR values of r higher than 1.5 
are remained. Figure 4 shows the SNR values of the first 10 vertical modes. Overall, lower modes contribute 
greatly to the responses. Totally 7 modes have the higher SNR values than the predefined criterion in the first 
four seconds during which the maximum amplitude of excitation is 150 N; while it reduces to 5 modes when the 
maximum amplitude of excitation is 100 N during the forth to eighth seconds. The first 4 modes are selected in 
the eighth to twelfth seconds and only three modes are remained in the last four seconds when the maximum 
amplitudes of excitation are respectively 50 N and 20 N. Obviously, higher amplitude of excitation induces 
wider range of frequency to the structure. The numbers of selected modes for each segment are listed in Table 1. 
 

 
(a) Overview of SNR value of each mode                    (b) Zoom view of SNR values of part of mode 

Figure 4. SNR value of each mode 
 

Table 1. Mode number selection 

Time (s) Selected mode number Maximum amplitude of excitation (N) 
1-4 1, 2, 3, 4, 5, 7, 8 150 
4-8 1, 2, 3, 4, 5 100 

8-12 1, 2, 3, 4 50 
12-16 1, 2, 3 20 

 
Figure 5 illustrates the comparison of reconstruction error variance of the responses using selected modes and 
all modes. As it can be seen from the figure, the reconstruction errors of the responses using all modes are 
significant higher than those using the selected modes. The strain time history response of the last four seconds 
at element 2 is plotted in Figure 6, including real responses, reconstructed responses using selected modes, and 
reconstructed responses using all modes. Based on the comparison, the reconstruction error of the responses 



using selected modes are found to be smaller than that using all modes. Note that the high modes contribute 
little to the responses but bring significant discrepancies during the response reconstruction as mentioned in 
precious section. 
 

      
(a) 1-4 s                                                (b) 4-8 s 

      
(c) 8-12 s                                                 (b) 12-16 s 

Figure 5. Comparison of reconstruction error variance 
 

   
(a) Time history                                     (b) Reconstruction error  

Figure 6. Comparison of real, reconstructed using selected modes and reconstructed using all modes strain time 
history responses at element 2 

 
CONCLUSIONS 
 
This paper presents an adaptive mode selection method in Kalman filter for response reconstruction. The 
reconstruction errors are consisting of two parts, one due to noise and the other induced by truncated modes. 
The reconstruction errors caused by noise increase while that induced by truncated modes decrease with the 
increase of mode number. An optimal number of modes should be selected in order to achieve minimum 
reconstruction errors. A SNR is defined to demonstrate the contribution of each mode to the response 
reconstruction. The modes with higher SNR values than a predefined criterion will be remained for response 
reconstruction. A cantilever beam is numerically investigated. The results demonstrate that the reconstructed 
responses using selected modes are more accurate than those using all modes, which is benefit for the 
application of Kalman filter algorithm in civil structures with large DOFs. This proposed adaptive mode 
selection method is flexible and effective. 
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